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Abstract—A new concept in mechanics is proposed based on the notions of space, time, and energy. The energy
is represented by the sum of thirteen terms expressed as products of invariants of the Lagrangian equations of mo-
tion and scalar factors corresponding to the physical properties of materials. Differential equations of motion and
equilibrium are derived from the frame indifference condition for energy, in which the Eulerian variables are the
sought functions and the Lagrangian variables are the arguments. Assumptions are made under which these equa-
tions can be transformed into the Poisson and Laplace equations. The law of conservation of energy is used to ob-
tain dependences between the Lagrangian stresses and strains in the reversible deformation region; they are com-
pared with the expressions used in the theory of elasticity. It is discussed whether the point of reference for the mean
stresses may be chosen with regard to the volume energy density of particles in their initial state, as well as whether
elastic deformation can be described using a single constant. As an example, the energy model and the equations of
motion in the Lagrangian form are applied to describe the transition from reversible to irreversible deformation.
The developed model differs from the classical one by using two independent infinitesimal operators for the time
and space. It is shown that Newton’s law of inertia can be regarded as a variant for the determination of the genera-
lized forces characterizing the kinetic energy change in a body with increments in the distance between the origin
of the observer coordinate system and the center of mass of the body. The application of the Lagrangian variables
and the superposition principle for describing any spatial motions (including for absolutely rigid bodies), which can
be used in the dynamic analysis of linkages and other mechanisms, is validated. The multiple choice of generalized
forces for absolutely rigid bodies, including when passive forces arise, is considered. The method of dynamic analy-
sis of mechanisms developed on the basis of the energy model allows the law of conservation of energy to be satis-
fied for any part of the studied system in an arbitrary time interval.
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changes in each particle of the observed mechanical sys-
tem. According to Aristotle, energy is a generalized sca-
lar characteristic of any kind of motion and therefore
must take into account all invariant characteristics of
system (1). In the most general case, it has thirteen inva-

1. MATHEMATICAL DEFINITION
OF THE NOTION OF ENERGY

The notion of space allows one to describe the posi-
tion of objects in it by an ordered set of numbers, in par-

ticular x; € (x, y, z) inthe Cartesian coordinate system.
Using the time ¢, it is possible to describe the change in
the position of a particle in this space in the form of the
equations
x; = x,(0,,1), (D
where o, € (o, B,y) are the Lagrangian coordinates
[1], for which we will use the initial particle coordinates
A=Xl,_g> B=Ylz> Y=2=o-
Any external forces should be accounted for in equa-
tions of motion (1); they carry all information about

riants &; (i=1,...,13), including three magnitudes of the
displacement, velocity and acceleration vectors:

& =|u| = Jul +u) +u?,
&, =o|=\vi +v)+02, )
& =|W|=\/W§+W§+W§=

that de-

three invariants of the tensor dx; /do., =x, , ,

. . . . TP,
fine particle deformation (dimensionless generalized co-
ordinates):
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E.:S =Xg T B +zy
Ee =0+ X3 +xY2+y§+y§ +y$ +25+23 +z$, (3)
& =lx; ,[=8V/8V,,
and three invariants of the strain rate tensor dx;, /do., =
Xi s, (velocities of the dimensionless generahzed coor—

1

dmates)
E.:S =X T th + Zty’

2,2 ,.2 .2 2 2 2
&9_X +x xz +yt(x+yzﬁ+yty+zt(x+zt6+zty’ 4)
0 =g
Other invariants are the path

15
s = [vdt (5)
4
and three time integrals of the three strain rate tensor in-
variants (4)

& = [&dr, &, =I§3>/2dt, €3 = J.E,,i/gdt. (6)

The latter include the accumulated strain (Odqvist para-
meter) that characterizes hardening and the degree of
plasticity exhaustion in the material [2].

The second time derivatives of X; , are not consid-
ered, because according to the fundamental postulate of
mechanics [1] the behavior of particles is determined
only by their position and velocities. The invariants &;
(i=1,..., 13) are basic for the mathematical definition of
the notion of energy.

Using the notion of energy and the law of conserva-
tion of energy, we can determine necessary properties for
predicting the behavior of a system subjected to exter-
nally applied forces and develop methods for determin-
ing these properties by actually observed motions.

In view of the different nature of the coordinates
a,€(a, B,v) and time ¢, two independent operators
must be used to denote infinitesimal increments of any
function f'(ca, B, v, ?): the operator d is for the time incre-
ments:

df(OC, Bv Y, t) = f[dl‘,

and the operator d is for the space increments:

Of (o, B, v, 1) = foSou+ foB + B,
where da., 8, Oy are the infinitesimal increments of the
Lagrangian variables.

Energy carriers are particles, including infinitesimal
particles of volume 8V}, = a0 dy. We will use the nota-
tion 8E =8E(E;), for a generalized scalar function,
where the operator & emphasizes the local character of
the function. Modern ideas are consistent with the hy-
pothesis that the function 3E(;) can be represented as a
sum of 13 terms depending only on one of the invariants

13
=2.8E,(&), (7)
i=l

where each term can be represented as the product of the
corresponding invariant by the volume 8V, and the sca-
lar factor £, that ensures the equality of the dimensions
of the terms:

13 13
=2.8E,(§,) = X k&0, . (8)
i=1 i=1

Based on the kinematic invariants, we can postulate
the existence of 13 different types of energy that general-
ly characterize the motion of absolutely rigid or deform-
able bodies and reflect the effect of various kinematic
factors (which cause changes in the position, volume,
and shape of the constituent particles) on energy.

2. ENERGY-BASED DEFINITION OF FORCE

For the practical application of the law of conserva-
tion of energy, it is more convenient to determine not the
energy itself, but the increments of its components
ddE;(&;), which depend on the invariants &; (i=1, ...,
13) that are functions of the corresponding vector or ten-
sor components. The set of the kinematic parameters
used to find the invariants &, =&;(g;) is formed by the
generalized coordinates ¢ ;. Then for the time increment
dSE;(k;, & (q ;)) we should write the following expres-
sion with the increments chosen to describe the motion
of the coordinates ¢ :

AdE; JE;
ddE; (k;, €(q,)) % 9

The right-hand side of Eq. (9) coincides in form with
the definition of generalized forces P; as a measure of
power increment with increments of the generalized ki-
nematic coordinates ¢, [1,2] d4 = Zdeq ;- There-
fore, Eq. (9) can be regarded as an extension of the no-
tion of generalized forces to various types of energy E;.
The multiplier 8Q;; in Eq. (9) is the energy-based defini-
tion of the generalized local force

50, = 2L _ i, % 5y,
aq j aq b
which characterizes the rate of change of particular en-
ergy OF; (&, (g ;) ofaparticle with changing kinematic
coordinate ¢ ;.

The choice of generalized coordinates is generally
subjective. Depending on the problem solved, each of
the invariants &, can be represented in terms of vector
projections in the accepted coordinate system of the ob-
server (Cartesian, cylindrical, spherical, etc.), which is
naturally subjective. But since the product of generaliz-

dg; = SQquj' 9)

(10)
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ed forces and corresponding kinematic coordinates must
be a scalar quantity, the generalized forces retain the ma-
thematical properties of the corresponding kinematic co-
ordinates. In special cases, the force 0;; can be a vector
if the parameters ¢ ; are vector projections (linear or an-
gular displacements), a stress tensor if the kinematic co-
ordinates are strain tensor components ox; / Jo. p =Yig,
or a scalar if a scalar, e.g., path s or the square of velocity
v?, is chosen as the kinematic parameter. Scalar coeffi-
cients k;—k;, can also be considered as the forces char-
acterizing the change in the volume density of particular
types of energy E; with increments of independent inva-
riants &, —&5:
_O0E; 1
oL 81,

Only by using the product of the components of gene-
ralized forces 0, (10) and the corresponding increments
of generalized coordinates dg ; (or velocities ¢ )> inac-
cordance with Eq. (9), we can obtain the scalar charac-
teristic of the state (or process), i.e., the energy incre-
ment (or the rate of energy change). However, to do this,
we must know the complete set of generalized forces and
corresponding generalized kinematic coordinates. The
determination of the generalized forces through energy
equation (9) defines their physical meaning and the main
purpose, which is the determination of increments or the
rate of change of different types of energy.

3. THE LAW OF CONSERVATION OF ENERGY
FOR AN INFINITESIMAL PARTICLE

When solving practical problems, including the for-
mulation of boundary conditions, there is a need for an
additional type of energy, such as the energy of external
forces which is actually an energy equivalent of the ef-
fect of replaced external forces on the motion of the con-
sidered mechanical system. Particularly, for an infini-
tesimal particle within a body, the energy equivalent of
the effect of external forces dE, on the displacements of
the particle boundaries can be determined by the scalar
product of the forces acting on the boundaries P and
their displacement dr:

dSE, =Y (5P -dr) =Y (3P - v)dr. (11)

The summation on the right-hand side must be car-
ried out over all surfaces bounding the given particle. We
use the notion of the surface density of forces

P . OR;; OP,
T(xizSOQ’TBz': s ’Tyi: ! > (12)
SPdY dody dadf
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where the subscript pe (o, B, y) for the forces 6P i and
stresses T, indicates the normal direction to the consid-
ered surface area in the initial state, and the subscript
i€ (x, v, z) denotes the projection direction of the force
and velocity. Taking into account that the forces and ve-
locities can change on opposite faces, assuming all func-
tions to be differentiable and given in the Lagrangian va-
riables, and using the summation convention for repeat-
ed indices, we obtain the following expression for the
rate of change in the specific energy of external forces
(3, 4]:
0=doE, /(8Vdt) =1 ,x, , +x; 0T, /o, (13)
The stresses T, form an asymmetric second rank
tensor, which will be called the Lagrangian stresses for
brevity. The stresses T,,; are similar to the Piola—Kirch-
hoff stresses [ 1, 5], but they cannot be identified because
they differ in the domain of arguments (Lagrangian vari-
ables) and the choice of the origin of the scale of mean
stresses which can be shifted relative to the generally ac-
cepted one [6].
The energy conservation law for an infinitesimal par-
ticle is written as
13
ddE =Y ddE;(k,E;)—ddE, = 0.
i=1
Representing the increment of the energy of external
forces (13) through the volume density of the energy
change rate » =dJE,/(dtdV})), energy conservation law
(14) can be written as the energy balance relation:
dOE =8V (k& , + k&, , + ks, +...

+kl3§13,, —-w)dr =0. (15)
Excluding processes with dissipation, i.e., without
taking into account the invariants associated with time
integration, and using the generally accepted relation-
ships for the potential and kinetic energy (the z axis is di-
rected upward)
ddE, =p,gz,0V,dt,
dSE, =po(x,x, + ¥, ¥, +2,2,)8V,dt,
we have on the right-hand side of Eq. (15)
ddE, +ddE, + ddE; + dOE, + dOE, = wdV,dt,

(14)

or
9, ok, ot
kSa—;+kéa—:+k7a—Z =’Epl-xi’[p
it
+X;, a—+p0(gl-—xl-,n) . (16)
oy

Since the energy should be independent of subjective
factors, including the choice of the reference velocity
frame, the sum of the last three terms in Eq. (16) should
vanish:
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T,
Xit P& —PoX, itt =0.
do.,,
Each of the brackets is usually set to zero:

ot
—_p
aOC pOgl

P
but this assumption may lead to the loss of some possible

solutions. Neglecting the gravitational forces, instead of
Eq. (17) we obtain

o =05 (17)

T,

_ i

=PoX; s (18)
aocp

In the absence of accelerations, the right-hand side
vanishes:

i _,

do,
Equations (18) and (19) are called the differential equa-
tions of motion and equilibrium [1, 5]. Taking into ac-
count the last equations, the expression for the power

(13) takes the form

(19)

_ doE,
dt8V = Tpiiap: 20)
The total power
W = f T piXi OV = f O(X; 1> X 15 X; 1y )00 dBdY (21)
v, v,

can be considered as a functional in which the integrand
arguments are the velocities of the generalized coordi-
nates x;, ,,. The extremum conditions of the functional

[7]
i om 8 Jm N i om _0
Jou| o, aﬁ ay| 0x;,, ’

with allowance for power (20), correspond to the equa-
tions dt,/da, =0, that coincide with equilibrium
equations (19). Hence it follows that equations of mo-
tion (1) and the corresponding velocity field with direc-
tional derivatives x; ,, must provide the minimum total
power of external forces which is determined by the
Lagrangian stresses T, and is expended in the deforma-
tion of the considered body volume ¥}, under nearly sta-
tic conditions. Such a velocity field is conventionally
called actual [2].

For each problem of deformation, other equations of
motion and velocity fields can be proposed which differ
from the actual ones, but are consistent with the condi-
tions at the boundaries of the body. Such velocity fields
are called kinematically possible. The power of external
forces calculated on the basis of such velocity fields and
the corresponding equations of motion must exceed its
actual value. Of all the kinematically possible velocity

fields, the fields corresponding to the minimum total
power (21) expended in the deformation of the body will
be the closest to the actual field.

4. LAGRANGIAN STRESSES AND STRAINS

The important characteristics of the deformation pro-
cesses are Lagrangian stresses (12), which are local ge-
neralized forces and characterize energy fluxes at the bo-
undaries of an infinitesimal particle via the surface force
density or the rate of change in the volume density of the
particle energy with the corresponding tensor compo-
nents X; . According to the differential equations of
motion (17) the Lagrangian stresses determine the par-
ticle acceleration and system behavior. The Lagrangian
stresses T,; must be dependent on the external forces
and material properties which appear in the law of con-
servation of energy (16) as the coefficients kg — k5.

The dependence of the stresses on the material pro-
perties and strain state can be found from experimental
studies, as well as from the general thermodynamic prin-
ciples [8], to which the energy conservation law can be
easily assigned. For the reversible deformation region
(without account for the invariants associated with time
integration), instead of Eq. (14), we have

doE, +dOE, +dOE; +dOEs +ddE, +dOE,; = mdVdt.

Taking into account that the increment of the third in-
variant involves third order time derivatives of the cur-
rent coordinates, which may not appear in the generaliz-
ed equation of motion (16), and taking into account the
differential equations of motion (17), we will use only
the relation

aE.:S + k() aE.:é + k aEﬂ
> ot ot ot

Invariants (4) are not included in the energy balance
of reversible deformation because their time derivatives
contain multipliers of the type x; ,,, that do not enter
into Eq. (13) for the power of external forces.

Equating the coefficients at equal multipliers x; ,,,
we obtain relationships between the components of
stresses T,;, elements of the tensor dx;/da, = i,
and the coefficients k;, characterizing the physical pro-
perties of the material:

Ty =ksd i +2kex; , + k1%, , (22)

In fact, Egs. (22) are analogs of Hooke’s law for the
region of elastic deformation of materials. In Egs. (22) and
further on, %, , are the algebraic complements of the el-
ements x; , of the matrix o;/do., =x; , , the tensor
8, =1 for 1,,,7q,,7,,,and  ,; = 0 for alf other stress-
es not located on the main diagonal of the tensor 7. In

Tpi%ip:
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the initial state when the matrix ox; / do, = X, is
transformed into an identity matrix, the stress compo-
nents not located on the main diagonal of the tensor 7 ,;,
become zero (Tg, =T, =Ty, =Ty, =To, =T, =0). On-
ly normal stresses on the faces of the original rectangular
parallelepiped remain nonzero; they are all the same and
depend on the coefficients ks, k¢, k7, att=0

Tow = Tpy =Ty, = ks +2kg + k. (23)

Condition (23) does not exclude that these stresses in
the initial state will be equal to zero if the coefficients
ks —k, determine not only the properties, but also the
choice of the scale of stresses 7, by analogy with the
potential energy of bodies in the gravitational field of the
Earth.

Now let us find the relationship between the Lagran-
gian stresses T i and Cauchy stresses o; [1]. To do this,
we consider energy balance (13) at the initial instant,
when the Lagrangian stresses T, coincide with the Cau-
chy stresses 0

ddE,
Svdr Oy

Passing from the derivatives with respect to the Eule-
rian variables ax,-,, / ox =X, to the derivatives with re-
spect to the Lagrangian variables dx; , /do., = x; , with
the use of general relations derived from equations of
motion (1)

(24)

oS 1o .
ox; Raocp P

and equating the coefficients at equal multipliers x; ,, on
the right-hand sides of Egs. (13) and (24), we obtain a
system of linear equations

T X s
which formally coincide with the static conditions on the
contour and determine the relationship between the Lag-
rangian and Cauchy stresses

O .. :—Tpixj’p .

Jt R

These equations are known as the relationships between
the Cauchy and Piola—Kirchhoff stresses [4, 5]. How-
ever, as noted above, the Lagrangian stresses differ in the
domain of variables and in the capability of changing the

origin of the scale of mean stresses.

pi =0ji

5. PHYSICAL PROPERTIES GOVERNING
MOTION AND ENERGY

The scalar coefficients k;, that allow the passage to
unobservable energy parameters through observable and
directly measurable kinematic parameters &; should
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characterize the most important physical properties of
the material or the medium in which motion takes place.
Since these coefficients enter into the energy conserva-
tion law together with the invariants &, only 12 of the in-
variants can be independent. Likewise, the scalar coefti-
cients k; (i=1, ..., 12) depend on the choice of the scale
of the main type of energy, i.e., the choice of the value
and dimension of one of them affects the values and di-
mensions of others. The relationship between these fac-
tors can be found by considering motion when the corre-
sponding types of energy change.

For example, the relationship between the coeffi-
cients of displacements k; and velocities k,, which cha-
racterize the potential and kinetic energy according to
the generally accepted terminology, can be determined
by considering the free fall of a body in the form of a ma-
terial point in the absence of air resistance.

Ifthe z axis is oriented toward the center of the Earth,
the equations will read

x=a, y=p, z=y+u(y,t).

The increments of potential energy ddE; and kinetic

energy doE, will be
ddE, = —kdV,z,dt <0,

dSE, = k,8V,d(v?) = 2k,8V)yz,,z,dt > 0.
From the law of conservation of energy
ddE, +dOE, = —kz,0V,dt + 2k,z,z,,8V,dt =0
it follows that k; = 2k,z,,. If we use the conventional no-
tation for the acceleration of gravity z, = g, then & =
2k,g. If not a particle but a body of mass m is consid-
ered, then &, = mg, and k, = m/2, which yields the con-
ventional expressions for the kinetic and potential en-
ergy of the body
E, =mvz/2, AE, =mgAz.

From the potential energy increment d £, = —mgdz
for the z axis directed toward the Earth’s center or
dE, =-mgdz for the z axis directed from the Earth’s
center, the generalized force with the modulus | 0,
mg in the both cases is directed from the Earth’s center
and is opposite to the conventional direction of the body
weight.

The coefficients ks —k, correspond to the properties
of materials in the reversible deformation region. The
coefficients of time-integral invariants, including those
for path (5), should characterize dissipative processes,
including processes associated with friction on the outer
particle surfaces.

Taking into account Eq. (22), the Cauchy stresses
can be represented, like the Lagrangian stresses
in terms of the coefficients ks —k:

)
T

Jiv
pi°
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_1
0= R(Tou Kot TpiX 8+ TyiX Y)

1
= —[kaj,Oc + 2/(76(xl.,ocxj,(X +

Xip¥jp
)+ ko (x; X

T Xy Xy i T X pXip /yxzy)] (25)

for example,

1 1
O, = E (wa(x + TBXXB + TYxxY) = E[kSX(X

+2k6(x§+x§+x2)+k7(x X, +XB}B+XY§CY)]
1
ny:_(Toty Xo t Ty T Ty Xy) = _[kSXB

+ 2k (Xo Ve + X + X, 3) + ko (x4, 3+ % 55 + % )1
Taking into account that the multipliers of the coeffi-
cient k; in Egs. (25) can take only two values:

X;oXio T X pXg+X;,X%, =R ati=jand
XjoXiqtX;pXiptx; %, =0ati# ],

the coefficient &, actually enters only into the normal
stresses

1
(Tou i,00 + TBI B + TY: i y) _[k5xi,(x

+ 2k6(x, )+ Kk, R].

The main invariant characteristic of the stress state
may be the average Cauchy stress 6 =1/3(c, + c, +
G,,), for which we obtain from Eq. (25):

30R = k& +2k(Eg +3k,E,,
or, taking into account that &, = R=3V/3V:
6 = (ks&s +2ksE6)/BR) + ks

The coefficient &, is an additive component of the
mean stress. It can only affect the choice of the origin of
the scale of mean stresses and cannot characterize its
change that depends only on two coefficients k5 and kg:

Ao=aksbs T2 k{i —1j+ 2k6(3 - 1).

3R 3R 3R

The mean stress in the initial state can be determined
from Eq. (26) if we take into account the initial values of
the invariants R=1,Es =3,&, =3,&, =1:

O l,o=ks + 2k + k7,
which agrees with Eqs. (23). It can be assumed that the
coefficient &, takes into account preliminary treatment,
as well as plastic deformation, which can lead to harden-
ing and a change in the energy state of the material.

We assume here that the mean stresses should not be
regarded as zero in the initial state for different types of
continua. Moreover, the value 6, can be considered as a
physical property, namely, as the volumetric energy den-

(xxl(x+x Bx B+ lelY

(26)

sity associated with the three mentioned invariants in the
initial state of the particle.

The necessity to account for the initial mean stress
follows, e.g., from the comparison of the law of elastic
volume change ¢ =3Ke with the Boyle-Mariotte law
pV=const, which can be transformed to the form

Pi—po=pVi=V)/Vy
and interpreted as a special case of the law of elastic vol-
ume change, if taking into account that 3¢ = AV/V,, and
considering the bulk modulus K as the current pressure.

If the coefficients ks —k; are known, equations of
motion (1) can be used to determine any kinematic and
then energy and force functions, including the Lagran-
gian stresses via Eqgs. (22) and Cauchy stresses via
Egs. (25).

Assuming that ks =k, =0, we can greatly simplify
the procedure of elastic deformation analysis, without
interfering with classical mechanics. In particular, the
terms of the Lagrangian stresses with the coefficients
and &, have no effect on the differential equations of
motion or equilibrium, because

&, Ny, 9%

=0,
do.  dp  dy
and at ks = const instead of Egs. (18) and (19) we have
2 2
0°x — —Po mor—a);"zo.
dor,, 2k6 o,

The equations of motion are reduced to three Poisson’s
or Laplace’s equations, each of which contains only one
unknown function. The methods of integrating such
equations are well developed [9].

At ks=0or dx, /da,; =0x;/do; the tensor T, be-
comes symmetric, like in classical mechanics. Of special
importance is that in this case the Lagrangian stresses
and strains differ only in the scale multiplier T, = 2kq X

x; ,» the notion of stresses becomes redundant and the
material properties are determined only by one physical
constant ky. At ks =k; =0, using the notation 2k, = ©,
instead of Eq. (26) we obtain

36R=1,,x; , = 0&. (27)

As was suggested in Ref. [5], the coefficient ¢ alone
is sufficient to reliably describe deformation processes
in the elastic region, and the transition from one scale of
mean stresses to another can be performed by introduc-
ing the mean Lagrangian stress T = (e and transforming
Eq. (27) to the form

36R =3te+0I?,
where e= (e, +¢+e,) / 3 is the mean change in the
edge lengths of an 1nﬁn1tesm1al parallelepiped e
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(81/81y)s =x, + v + 2z, pe (0, B,v) [10]. Then, the
relation 6 =@e? /R = @/e = R~ must hold true under
multidirectional compression. For the transition to the
ordinary scale, it is sufficient to assume T = @(e —1) and
the mean Cauchy stress will determine the equation
o=1e/R=q(e—1)/* =(1-RV?)/R".
Foriron at ¢ =3K and K =169 GPa, this relation
differs from the experimentally determined one in the
range up to 300 GPa [11]:
R=1+5.286x10"6+0.8x107"2 ¢
with an error of no more than 0.016%.

For linear stretching with the equations of motion
x=ol+ey), y=P-pe,), z=v(1-pe),
where U is the Poisson ratio, from Eq. (27) we have
0, =¢e, (1-2u) or o, =Ee , taking into account
the relationship between the elastic moduli £ =3K(1—

2).

The possibility of excluding the invariants &5 and &,
from the energy balance relation and the coefficients
ks, k; from Eqgs. (22) for the deformation of solids can
be justified by the fact that they actually account for the
particle energy associated with the volume change and
differ only by the constant multiplier. For the linear in-
variant &5 for deformed solids, we can assume

Es=xutIptz, =3+e,+¢,+e,

=3+3e=3(1+¢e)=3(1+AV/V)=3R,
which is 3 times as large as the invariant &, that deter-
mines the volume ratio R.

Thus, if the invariants & and &, are retained in the
energy balance relation, it is possible to reassess the energy
accumulated by a particle of a solid body due to volume
change. Probably, the influence of these invariants can
be significant for materials, e.g., synthetic, with a wider
range of volume changes.

The total energy expenditure in elastic deformation is
taken into account by the quadratic invariant

Eo =Xg + X5 +X; + Y +...zy =3¢+

The first term 3e® on the right-hand side takes into
account the volume change energy, and the second term
I'? accounts for the shape change energy. With the un-
changed numerical value of the invariant &, the elastic
volume change energy can be transformed into the elas-
tic shape change energy and vice versa, which can be the
basis of physical processes associated with self-oscilla-
tions and resonance.

Other possible interpretations of the coefficients
ks, k¢, k; were discussed in Ref. [3] with regard to con-
ventional relations and knowledge about the physical
properties of materials in the elastic and plastic deforma-
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tion regions, including using the proportionality condi-
tions for spherical tensors and deviatoric stresses and
strains [6].

6. CONDITIONS FOR TRANSITION TO
IRREVERSIBLE STRAINS

The energy-based model and the Lagrangian equa-
tions of motion describe the specific mechanisms of
transition from reversible to irreversible strains. In this
paper, the condition of plasticity implies the possibility
of strain growth due to the energy accumulated in the de-
formed body. This state corresponds to the equation

ks(Es), +ke(Es), +h7(E7), =0.

Further analysis will be carried out for the principal
axes, assuming that at any time point we can choose an
orthogonal coordinate system in which displacements
are absent

ks (x,, + Vgt zly) + 2k (x,%,,

+ Vpip + 242 + k7 (7)), =0. (28)

For example, for multidirectional compression, in-
stead of Eq. (28), we have

X, (Bks + 6kgxy, + 3kyx0 ) = 0,
and the possible solutions will be either x,, =0, or ks +
2kgx,, +kyxG = 0.

From the energy point of view, the plasticity condi-
tion is reduced to the possibility of a consistent change of
the three strain tensor invariants, due to which the left-
hand side of Eq. (28) reduces to zero at any values of the
coefficients ks — k,.In this case, spontaneous motion is
possible only by means of internal sources. The solution
with any constant values of the coefficients ks —k; re-
duces to solving a system of three linear equations with
respect to three unknown functions, namely, the deriva-
tives of velocity components in the directions

Xt Vgt 2, = 0, x,x,, + YRV + 242y = 0,
- - = 29
XoX T VpVip T 220 = 0. (29)
Under hydrostatic loading, the system takes the form
2
3x,, =0, 3x,x, =0, 3x;x,, =0
and has only a trivial solution (x,,, =0), uniform tensile or
compressive deformation cannot occur without changes
in the accumulated energy. In other conditions, a nontri-
vial solution of the homogeneous system (29) for the de-
rivatives x,,, Vips Zpy CAN exist if its main determinant is
equal to zero
2 2 2
x5 (zy = 1) + v (X, —2,) + 2, (3 — X, ) =0. (30)
In the case of linear stretching,
x=aexp(e,), v = Bexp(pe, ), 2 = Yexp (—he, ),
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Eq. (30) reduces to an identity due to yg = z,, allowing
the transition to irreversible deformation with preserving
the direction of the principal axes and the homogeneous
deformation state.

Atthe first stage 0 <¢ <1, elastic deformation 0 <
€, < ¢, with the transverse-to-longitudinal strain ratio
|£ v/ 8x| = causes energy accumulation, including ac-
cumulation due to volume change:

R=exple, (1-2)].

At the second stage f, <f<t,, a new component
Ae, =0 appears which differs from the strain of the
first stage by the transverse-to-longitudinal strain ratio
|A£ 3 / A8x| =W, and as a result the volume of particles
returns to its initial value with simultaneous strain in-
crease in the stretching direction:

x=oexp(e, +Ae,), y=Pexp(-pe, —WAe,),
z=yexp(-ue, —WAe,).

Beginning with the end of the first stage, with the €,
value remaining unchanged and with increasing Ag,,
the volume ratio of particles to whole specimen is

R=exple,(1-2n) + Ae (1-2u")].

Different W values will correspond to different de-
grees of volume recovery and different fractions of re-
leased energy. The volume of particles returns to its ini-
tial value if additional deformation satisfies the condi-
tion

Ae =—-e,(1-2p)/(1-2w).

For further extension of the specimen, the denomina-
tor should be negative, which is possible at W’ > 0.5. Of
course, the complete recovery of the volume is not nec-
essary. The volume recovery also depends on the strain
ratio Ae,/e,. The complete volume recovery is pos-
sible, e.g., if the strains in the first and second stages are
equal, then W =1-. In this case, at the beginning of the
second stage at Ag, = 0 the main characteristics of the
deformed state reach the values

R =exple (1-2p)],
3e=3+¢,(1-2u)+0.5¢2(1+2u?),
T2 =342e (1-2u)+2(1+ 2u)e2,
2 =2/3[e,(1+w)]".

Atthe end of the second stage at e, = x,, = exp(2¢;)
and ep=e, = exg(—esg, theyareR=1, e= 1+852, Fg =
3+12¢2, and I'* = 6¢7.

As aresult, the volume, the average edge length, and
the elastic energy return to their initial values with a sig-
nificant change in the particle size, the standard devia-

tion I'* increases more than twice, and the power of ex-
ternal forces is almost completely dissipated into space.

The general equation for irreversible strains, without
account for friction on the external surface of the body,
takes the form

AE = kASs + kAL + kAL +kgAg + koA,
+ koA o + Ky ASy ) +hpAS , +Ki3AG .
The simplest example of a process with energy dis-

sipation is the deformation during heating of an isotro-
pic solid with the equations of motion

x; =0o,;(1+0,AT)
and the invariant increments
AEs =30,AT, A& =60, AT +3(0AT)?,
AE; =30, AT +3(0;AT)? + (0 AT),
Agy) =307 |AT], AE), =\/§|O‘TAT|= A3 = g |AT],
where o, is the linear expansion coefficient of the ma-

terial in the considered temperature range AT =T —1T,.
The energy expended in deformation is

’ ASE
ASE = [ ¢dmdT =c, dmAT or — =c, pyAT, (31)
7, %y
where p, is the density of the material in the initial state,
and c,, is the average heat capacity in the range from 7,
to 7.

The properties associated with the coefficients 4, —
ki3 are actually reduced to only G, because all three
invariants are transformed to the form A&, = 4.0, |AT],
where 4; are constant coefficients. The energy balance
condition takes the form

AE =300, AT (ks + 2k + ky ) + (3, +~/3k,,

where 64 =3k, +~ 3k, + k5. Equating the right-hand
sides of Egs. (31) and (32), at 6, =0 we have
g = CayPo/ Ot - (33)
In accordance with the Griineisen law [12], the right-
hand side must remain constant, which confirms the pre-
vious suggestion that the quantities k;;—k;; can be re-
garded as the physical properties of the medium associ-
ated with deformation processes, and, as follows from
Ref. [11], the property 04 is more stable than each of the
thermophysical characteristics entering into Eq. (33).

7. GENERALIZED FORCES IN ABSOLUTELY
RIGID BODIES

For absolutely rigid bodies, equations of motion (1)
can be derived in a general form. Let us consider, e.g.,
two-dimensional motion in the xOy plane of a body with
two isolated fixed points P and M with the coordinates
Fy(op,Bp) and M (., B) at the initial instant. At an ar-
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bitrary instant, the points occupy new positions with the
coordinates P(xp, xp) and M(x, y). The angle between
the straight line PM of length L, connecting these points
and the x axis in the initial state will be denoted by @,
or by @ in the current state. The coordinates at the initial
and current instants differ by the magnitude of the pro-
jections of the distance between P and M onto the coor-
dinate axes

o=0p+L,cosQ,, P=Pp+L,sing,,

X=Xxp+L,cosQ, y=yp+L,sing.

(34)
(35)
Passing to the angle increments AQ =@ —@,, we ob-
tain the equations of motion in the Lagrangian form
x=xp+(00—0p)cosAQ—(B—P,)sinAg, 36)
y=yp+(a—0op)sinAp+(B—Bp)cosAg.
Differentiation Egs. (36) with respect to time, we de-
rive relationships between the velocities of the points P
and M with regard to the change of the angle ¢ in the

space of Lagrangian and Eulerian variables
X, =(x)p —¢,[(0—0p)sinA@+ (B —Bp)cosAg],

3 =)+ 0,0 - ctp)cosAg— (BB, sinag], O
X, =(x)p—9,(y=yp)s
i =()p+ @, (x-xp), (38)
and accelerations
Xy = (%) p =@yl —01p)sinAQ+(B—-PBp)
X COSAQ] — (p,z[(oc —0.p)cosAQ—(B—B,)sinAg],
Vu=u)p +0ul(0—0p)cosAp—B-Pp) (39)
x sinAQ] - @7 [(0.— otp ) sinAQ+ (B — B ) cosAg],
Xy =()p =0, (y—yp) _(ptz(x —Xp),
(40)

Yy = (yn)P +(p[[(x_xp) _(ptz(y_yP)a

where d@/dt =@, and ach/ ot =¢ ., are the angular ve-
locity and the angular acceleration of the considered
solid.

General equations (36)—(39) yield equations, as spe-
cial cases, for translational motion (A¢ = 0) and rotation
with respect to the fixed pole P(a, b), when o.p =xp =
a=const, Bp=yp =b=const.

Using circular substitution, we can obtain the corre-
sponding relationships for other planes, and the superpo-
sition principle [13] allows us to describe any kind of
three-dimensional motion and use it for dynamic analy-
sis.

Of special interest for absolutely rigid bodies is the
integral energy of the whole body:

dE; = 0,dq,. (41)

As in Eq. (9), the number of terms on the right-hand
side of Eq. (41) depends not only on the motion pattern
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of the body, but also on the mechanism of its interaction
with other bodies in the considered system. The integral
forces O should be understood to mean the rate of
change of energy E; with the change in the correspond-
ing kinematic coordinate ¢
0= ?
qj

Both local and total generalized forces are mathema-
tical functions with possible mechanical interpretations
that can be used to calculate the corresponding energy
components.

The generalized kinematic coordinates g; on the
right-hand side of Eq. (41) need not necessarily be inde-
pendent. For absolutely rigid bodies, the increment in the
power of external forces can be determined through a set
of forces applied to different points of the body, and the
number of the kinematic coordinates ¢ ; used in calcula-
tions can exceed the number of degrees of freedom of the
given body. For example, for a body with only one de-
gree of freedom oscillating about a fixed axis, the kine-
matic coordinates can be only either the angle of the bo-
dy rotation, or the angle of rotation of coordinates of an
arbitrary pole, e.g., the center of mass. In a more general
case, two poles can be chosen, e.g., in dividing energy
fluxes in the points where the power is removed [14].
Equation (41) should be regarded as an ordinary alge-
braic equation for the energy increment determination
using sets of generalized forces convenient for the given
problem.

Let us consider methods for calculating the kinetic
energy of a body of volume V, density p, and mass m,
which is determined by the second invariant from
Eq. (2), for the case of two-dimensional motion:

E, =0.5[pv™8V =0.5[ 0%3m=0.5[ (2 + )7)om.
v m m

Taking into account relationships (38) between the ve-
locity components of an arbitrary particle and the pole P,
we find

E, =0.5[{[(x)7 + ()5 —20,[(x) p(y— yp)

— () p(x=xp)+ Q7 [(x=xp)* + (¥ = yp) 1} 0m.
Using the notions of the center of mass C(x., y.)
and the axial moment of inertia:

xem= [ x8m, yem= [ ydm,
Jp=[[(x=xp)" +(y=p)*18m,

we obtain the most general formula for the kinetic energy
for the two-dimensional motion of an absolutely rigid
body:
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1 1
@:Emﬁ+adhrwﬁﬂ%%0@_h9

- (y[)P(xc _xp)]- (42)

The kinetic energy increment can be written as
dE, =m{[(x)p =@, (Yo = yp)I(x,)p

+ [(yt)P + (pz (xC - xP)](yn)P}dt + (p[(anPdt‘

The generalized forces can be calculated by choos-

ing increments of either linear and angular velocities
d(x,)p, d(,)p, d9,, or displacements dxp, dyp, d@.
Additionally, the pole may coincide with the center of
mass or with the rotation axis (instantaneous center).
Thus, we have six possible sets of generalized forces,
each including forces and moments of forces. Their va-
lues and dimensions are different, but there is only one
common feature: the energy increment value or the rate
of energy change is the same if these forces are used cor-
rectly. The most ordinary are the generalized forces for
the increments of the linear coordinates of the center of
mass. They correspond to the simpler form of Eq. (42) at
(x)p =(x;)c:

E, =0.5mv}. +0.5¢02J . (43)

The two terms on the right are usually associated with
the translational and rotational motion of the body. How-
ever, the ratio between these parts depends on the choice
of the pole. The only invariant is their sum that coinci-
des with the rotational motion energy, if the pole coin-
cides with the instantaneous center. Writing the incre-
ment of Eq. (43) in the form

dE, =m(x,)cdxc +m(y,)cdye +J 9,40,
we obtain the generalized forces
(F)e =m(xy)c, (F,)e =m(yy)c,
Mc=¢,Jc,
the first two of which coincide in form with Newton’s
law (F = ma) and may therefore be called the “Newto-
nian” forces [15].

In the case when the pole coincides with the instanta-
neous center, the generalized forces are the centrifugal
forces [ 16] characterizing the rate of change in the kine-
tic energy of absolutely rigid bodies with the rates of
change in the distance between the center of mass and
the instantaneous center. Since the position of these
points does not depend on the choice of the observer co-
ordinate system, the centrifugal forces are less depen-
dent on subjective factors.

Equation (43) is written in invariant form and is ap-
plicable not only to the two-dimensional, but also to the
three-dimensional motion of an absolutely rigid body.

The potential energy of a body of mass m (the z axis
directed from the Earth’s center) can be changed by the

(44)

increment of the coordinate in the corresponding direc-
tion (or its rate of change for the power of potential
forces Wp):

dE,

dE, =mgdz, W, = S =mgz,. (45)

Based on form (45), we choose the method for deter-
mining the energy of external forces (11) on the surface
of infinitesimal particles. However, volume-integral ge-
neralized forces for solids should take into account the
power increment not only for linear, but also for angular
displacements:

dE, = Q0,dx; + M ,do;.

Theoretical mechanics usually employs the term
“point of force application”. Taking into account the en-
ergy-related meaning of the generalized forces and the
possibility of an arbitrary choice of the pole, it is more
correct to call them the reference points of generalized
forces.

The main difference of volume-integral generalized
forces for absolutely rigid bodies is their possible diver-
sity, including the appearance of passive forces orthogo-
nal to their reference point velocity, and therefore their
power is equal to zero. These forces include in particular
the centrifugal forces arising when the body rotates rela-
tive to a fixed axis. The description of the power of exter-
nal forces implies much more cases when passive forces
may arise.

The passive forces should be referred to potential
forces. They often ensure the implementation of kine-
matic relationships and can produce power when these
relationships change. The passive forces can generate
other forces that have a different direction, e.g., frictio-
nal forces on contact surfaces. Forces on fixed supports
of mechanisms must also be considered as passive. In ac-
cordance with the accepted practice, the passive forces
are calculated using statics equations, but the obtained
results may be underestimated compared to if they are
calculated from an analysis of energy fluxes.

The statement about the ambiguity of the passive
forces arising in both movable and fixed supports is one
of the important results of transition to the energy-based
interpretation of generalized forces and methods for
their determination. The maximum possible values of
passive forces must be taken into account in the design
of mechanisms, as well as in testing their strength, stabil-
ity, and reliability. The transition to scalar invariants is
actually the only way to unambiguously describe the
state of system elements.

The method of dynamic analysis of various mecha-
nisms developed using the energy-based model allows
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the energy conservation law to be satisfied for any part
of the studied system and within an arbitrary time inter-
val [14].

8. CONCLUSIONS

A concept was proposed in which energy as a genera-
lized scalar function of any kind of motion is presented
as a sum of terms, each of which depends on only one in-
variant of the Lagrangian equations of motion. The use
of the energy conservation law makes it possible to de-
rive basic equations of classical mechanics, including
differential equations of motion and equilibrium, as well
as stress-strain relationships transformed to the space of
Lagrangian variables. The proposed concept opens up
new possibilities for solving various problems, particu-
larly the problems of validating the physical properties
of materials included in the mathematical formulation of
energy and methods for their determination, as well as
the possibility of changing the scale of mean stresses
with account for the volumetric energy density of par-
ticles in their initial state. We discussed the aspects con-
cerning the multiple choice of generalized forces for ab-
solutely rigid bodies, including passive forces in con-
tacts between adjacent bodies of a mechanical system.

Within the energy-based model of mechanics, it was
proposed to consider Newton’s second law as a means of
determining the generalized forces characterizing the ki-
netic energy increment of an absolutely rigid body with
increments in the distance between the origin of the ob-
server coordinate system and the center of mass of the
moving body.

REFERENCES

1. Sedov, L.1., 4 Course in Continuum Mechanics, Gronin-
gen, Wolters-Noordhoft, 1971.

PHYSICAL MESOMECHANICS Vol.22 No.6 2019

2.

10.

11.

12.

13.

14.

15.

16.

Kolmogorov, V.L., Stresses, Deformations, Fracture,
Moscow: Metallurgiya, 1970.

Alyushin, Yu.A., Energy Foundations of Mechanics: A
Handbook for Students, Moscow: Mashinostroenie, 1999.
Alyushin, Yu.A., Defining Relations of Reversible and Ir-
reversible Deformation in the Lagrangian Description, J.
Machinery Manufact. Reliabil., 2007, no. 5, pp. 434—442.
Hill, R., The Mathematical Theory of Plasticity, Oxford:
Clarendon Press, 1950.

Alyushin, Yu.A., Energy Scale of the Average Stresses and
Physical Properties of Metals in the Region of Reversible
and Irreversible Deformations, J. Machinery Manufact.
Reliabil., 2010, no. 3, pp. 282-289.

Korn, G.A. and Korn, T.M., Mathematical Handbook for
Scientists and Engineers: Definitions, Theorems, and For-
mulas for Reference and Review, Mineola, New York: Do-
ver Publications, 2000.

Ishlinskii, A.Yu., Mechanics: Ideas, Problems, Applica-
tions, Moscow: Nauka, 1985.

Courant, R. and Hilbert, D., Methods of Mathematical
Physics: Partial Differential Equations, New York: Inter-
science Publishers, 1962.

Alyushin, Yu.A., Solid Mechanics in Lagrangian Coordi-
nates: A Handbook for Students, Moscow: Mashinostroe-
nie, 2012.

Kaye, G.W.C. and Laby, T.H., Tables of Physical and Che-
mical Constants and Some Mathematical Functions,
Longman, London, 1973.

Landau, L.D. and Lifshitz, E2M., Course of Theoretical Phy-
sics: Statistical Physics, V. 5, Pergamon Press, Oxford, 1980.
Alyushin, Yu.A., The Principle of Superposition of Mo-
tions in the Space of Lagrangian Coordinates, Probl. Ma-
shinostroen. Nadezhn. Mashin,2001, no. 3, pp. 13-19.
Alyushin, Yu.A., Force Calculation for an Articulated Lin-
kage Based on Energy Flow Analysis, Probl. Mashino-
stroen. Nadezhn. Mashin, 2003, no. 2, pp. 125-133.
Ishlinskii, A.Yu., On Absolute Forces and Inertia Forces in
Classical Mechanics. http:termech.mpei.ac.ru

Alyushin, Yu.A., Energy Nature of Centrifugal and Newto-
nian Forces, Int. J. Mech. Eng. Automat., 2016, vol. 3,
no. 3, pp. 121-127.



