Amowun FO.4. / @uzuueckan mezomexanuxa 22 3 (2019) 77-87

VIIK 531.01

JHepreTuYecKre 0COOEHHOCTH CBOOOAHBIX KOJICOAHUH B YIPYIHX Tejax
I0.A. Anromma

HarmonaneHelii uccnenoBarensckuii TexHonornueckuii yausepcurer MUCuC, Mocksa, 119991, Poccust

PaccMoTpeHa sHepreTudecKy H30JIMPOBaHHAs CHCTEMA B BHJIE YIIPYTOrO CTEPIKHS, 3aKPEIUIEHHOTO MEXTy ABYMs a0COJIFOTHO TBEPIBIMU
onopamu. Ha ocHOBe sHepreTnueckoii MOIeNI MEXaHUKH HOJTyUeHBI paclpeiesieHIe 10 00beMy U H3MEHEHHE BO BPEMEHH COCTABIISIONINX
YIPYTOil N KHHETHYECKOW SHEPrHU Ul OCHOBHEIX (DOPM IPOIOJIBHBIX, IONEPEYHBIX U KPYTWIBHBIX KoJIeOaHWI, a Takoke ypaBHEHHS
JIBIDKEHUS. 1 KOMIIOHEHTBI TE€H30pa AJs pacdyeTra 3THX XapaKTEpUCTHUK MPH UX cynepnos3unuu. Ha ocHOBe aHaim3a CTPYKTypbl KUHE-
MaTUYECKUX UHBAaPUAHTOB, ACCOLIMUPYEMBIX C SHEPTUEH, MOJTyYEHbl YPABHEHUS AJIsl pacueTa BOCbMH BHJIOB JIOKAJIbHON 3HEPTUH, B TOM
YHCIIe 1BA BUJa, KOTOPBIC HE BIISIOT HA HHTETPaIbHYIO 110 00beMy Tela sHepruto nedopmanui. IlokasaHo, 4To SHepreTHye ckoe COCTOsIHIE
¥ B3aUMOJICHCTBUE YaCTHI] ONPEEIIOTCS BOJHOBBIMU ypaBHeHHsIMU. 1o aHamoruu co cBOOOIHBIMH KOJICOAHHSMH B YHPYTUX Telax,
KOTJ]a U3MEHEHHE TeOMETPHUECKON CTPYKTYypBI IPOUCXOIUT 0e3 MPUTOKA YHEPIHU Yepe3 BHENIHNE PAHMIBI CHCTEMBI, BO3MOXKHBI
reoMeTpHIeCcKe U3MEHEHUs! ()OPMBEI B MUKPOOObEMaxX, IPOSIBISIEMBIC B YPaBHEHUSX ABIDKSHHS U MPOMCXOJSAINNE 33 CUCT BHYTPEHHUX
HCTOYHHKOB 0e3 0OMeHa SHepruel ¢ CoCeHHMH YacTHI[aMH. BEICKa3aHO IPEATIONIOKEeHHE, YTO BIUSIOIE Ha HHTETPaIbHBIE II0 00beMy
YaCTU DHEPTHU 00ECIICUNBAIOT BEIOIHEHHE 3aKOHA COXPAHEHUsI ISl CHCTEMBI B II€JIOM, a 1Ba IPYT'HX — BBINOJIHEHNUE JTOKAIBLHOTO 3aKOHA
COXpaHEHHs] B 00beMe YacTHIIBI C y4eToM Au(depeHINaNbHbBIX ypaBHEHHI ABIDKeHHs. YacTHIBI B IEHTPAJIBHBIX 10 JUIHHE CEUCHUSX,
4yepe3 KOTOPHIE IPOUCXOAAT BHEITHUE BO3ACHCTBHS IJIsI BO30Y KICHUS KoJleOaHuH, He MEHSIOT (opMy U 00beM, SHeprus Ha nedopmaruio
gacTuIl He pacxomyercs. IlomydeHHble pe3ylbTaTsl, B TOM YHCIE IO IEPHOY M YacToTaM KoleOaHHMIl, a Taioke BBIIOIHEHHIO 3aKOHA
COXpaHEHHUs JUISl HHTETPAIBHEIX 110 00beMy 3HAYeHUI KMHETHYECKOW U YIPYToi SHEPIruH, B JOMOIHEHHE K U3BECTHBIM PEIICHUSIM IS
a0COIIOTHO TBEPABIX M Ae(pOPMUPYEMBIX Tell, MOXKHO PacCMaTpPHBAaTh KaK JOIOIHHUTEIbHBIE apIyMEHTHI IPaBOMEPHOCTH HMPHMEHCHUS
9HEPreTUYECKOM MOZIENH Ul PEIIEHHs PAa3IMYHBIX 33/1a4 MEXaHUKU.
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Energy features of free oscillations in elastic bodies
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An energetically isolated system was considered in the form of an elastic rod fixed between two absolutely solid supports. A mechan-
ics-based energy model was used to obtain the volume distribution and time variation of the elastic and kinetic energy components for the
main forms of longitudinal, transverse, and torsional vibrations. These characteristics were calculated by superposition using derived
equations of motion and tensor components. Analysis of the structure of kinematic invariants associated with energy yielded equations for
calculating eight types of local energy, including two types that do not affect the volume-integral strain energy of the body. It was shown
that the energy state and the interaction of particles are determined by wave equations. By analogy with free oscillations in elastic bodies,
when the geometric structure changes without energy inflow through the outer boundaries of the system, geometric changes may occur in
microvolumes, which are manifested in the equations of motion and occur due to internal sources without energy exchange with neighbor-
ing particles. It was suggested that the energy parts affecting the volume integral parts ensure the fulfillment of the conservation law for the
system as a whole, while the other two allow the fulfillment of a local conservation law in the particle volume taking into account the
differential equations of motion. The shape and volume of particles in the longitudinal sections, through which external loads are applied
to excite oscillations, do not change; no energy is spent for particle deformation. The period and frequency of oscillations were determined,
and the conservation law was found to be fulfilled for the volume-integral values of kinetic and elastic energy. In addition to the well-
known solutions for absolutely rigid and deformable bodies, the obtained results confirm the validity of using the energy model to solve
various mechanics problems.

Keywords: equations of motion, Lagrange variables, invariants, generalized scalar function, energy model, free oscillations, superpo-
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1. BBegenne

Konebanwust urparoT 3HAYUTEIBHYIO POJIb B IPUPOIE U
pasnM4HbIX chepax AesITeNLHOCTH uesioBeka. OHU TOIDKHBI
YUHUTBHIBATHCS TPH PACUETE, U3TOTOBICHUHU M SKCILTyaTaIlUH
CTPOMTENILHBIX KOHCTPYKIIUM, TPAHCIIOPTHBIX CHUCTEM, B
ManmHocTpoeHuH [ 1—6]. OcoObIi HHTEpEC MPEICTABISIOT
cBOOO/IHBIE KOJICOAHMsI, KOTOPBIE MO CYIIECTBY SIBIISTIOTCS
OJTHUM M3 3TANOB (POPMHUPOBAHUS PE3OHAHCHBIX SIBJICHUH.

CBOOOMHBIMH Ha3BIBAIOT KOJICOAHUS MOJ JACHCTBUEM
BHYTPEHHHMX CHJI [IPU BBIBOJEC CHCTEMBI U3 MOJIOKEHUS
paBHOBecus. [IpOMCXOMAT OHU 3a CYET MEPBOHAYAIHHO
COOOIIEHHOM YHEPTUH U3 BHEIIIHUX UCTOYHUKOB 0€3 J0TI0I-
HUTENBHBIX BO3JICUCTBHI B MPOIIECCE UX PA3BUTHUS.

HccenenoBannto koje6aHui OCBSIIEHO OOJIBIIOE KOJH-
4ecTBO paboT [3—5], paccMoTpeHo MHOTOOOpa3ue ux Gopm
W TIPUYMH BO3HHUKHOBEHHUSI, PE3YJIBTAThl HMEIOT OOJIBIIOE
3HAUCHUE, B TOM YHCJI€ B TEXHUYECKUX MPUIIOKEHUSX. 3a
OCHOBY aHaJIM3a MPUHUMAIOT 3aKOHBI JIH0O0 TUHAMUKH, JTHOO
COXpaHEHHsI PHEPTUH, AaHATN3 OOBIYHO OTPAHUYHBAIOT (HOP-
MO, YaCTOTOM U NIEpUOOM KoJieOanwmii. Kak mpaBuiio, pac-
CMaTpPHUBAIOT KOJIe0aHUsI MaTepHaIbHBIX TOUYEK, ISl yIIpy-
X TEJ UCTIOJIB3YIOT COOTHOIIEHHS TEOPUH YIIPYTOCTH, HO
0e3 aHaJM3a YHEPreTHIECKOTO COCTOSTHUS YACTHIL B 00beMe
tena [1, 6].

2. OcHOBHBIE MOJ0KEHUS IHEPreTHYeCKOii Moaesn
MeXaHHuKH

OHepreTuyeckast Moaels [ 7, 8] mpexycMaTpuBaeT Omnu-
caHUe JIBIKCHHs MaTepualbHBIX 4acTull B (opme Jla-
rpaHxa:

xi:xi((xpat): (1)
rae t — Bpems; x; € (X, y, z) — TeKylue KOOPAWHATBI
(Diinepa); o, € (a, B,Y) — mepemennsie Jlarpamka, oji-
HO3HAYHO CBSI3aHHBIE C HAYaJIbHBIMU KOOPMHATAMH Yac-
Tuil. OHHU SBISIOTCS apryMEHTaMHU BCEX HCIOJIB3YEMbIX B
JladbHENIIeM ypaBHEHHH.

JUist ynpyrux Ten sHeprus Kak 00OOIIeHHBIH CKalsip
Pa3MYHBIX BUIOB JABHKECHUS JIOJDKHA 3aBHCETh OT MHBaA-
puaHTOB ypaBHeHuit (1), BKiIto4ass MOAYJIb BEKTOpa CKO-
POCTH, a TaKKe TPH MHBAPHAHTA HECUMMETPUYHOTO TEH-
30pa BTOPOT'O paHra

Xy Xg o Xy

xlyp = Yo yB yy ’ (2)

Zy ZB ZY
KOMITOHEHTaMH KOTOPOTO SIBJISIFOTCS YaCTHBIE IPOU3BOHBIC
X, = ox; /aap OT MepeMeHHbIX Ditnepa x; € (x, y, z) MO
nepemeHHbIM Jlarpamka o, € (0, B,v). Yupyryro nedop-
MaIIMIO YacTHIIbI [9] onpernenser KBagpaTHuHbIi HHBAPUAHT
TeH3opa (2), paBHbIif CyMMe KBaIpaTOB BCEX €TI0 JIEMEHTOB!

Fz=x§+y§+z§+xé+y§+z§+x$+y$+z$. 3)

[TpaBy!o 4acTh MOKHO 3aIMCaTh Yepe3 KBaIpaThl OTHO-
wenuit ink pedep go 8/, u nocie 8/ geopmarum, mepso-

Ha4YaJbHO OPUEHTUPOBAHHBIX B HANPABIEHHH COOTBETCT-
BYIOIIUX OCeil:

1 =(81/8l))5 =x5+y> +z,, pe(ap.y),
ToT/Ia

T2 =03+ +17.

B ucxonnom cocrosiHun Fg =3, npuoOpeTeHHyI0 3a
cuer gedopmaryu sHepruo dOE . B o0beMe 8V, MOXKHO
MIPE/ICTaBUTH B BUJIE CyMMBI IBYX MHBapUAHTHBIX cllarac-
MBIX [8, 9]:

SE 1or = K8V (T2 =3) = k8V,[3(e” 1) +¢,]=

=0E, +0E, = xdV,(e, +e,), )
rie K— Moayib ynpyrocty; e = (I, + g +1,) / 3 —cpenHee
3HaUeHHE OTHOLICHUH JJMH pebep OSECKOHEYHO Majioro
napaJuleNienuIiesia 1o ¥ nocie nedopMalyu.

B nansHeiinrem 0603Ha4eHUs OF; COOTBETCTBYIOT HEp-
ruM yacTuLel ¢ o0beMoM OV, ¢; =OF, /(kdV,) — Ge3pas-
MepHbIE SKBUBAJICHTHl 00BEMHOW TUIOTHOCTH COOTBETCT-
BYIOIIUX BHIOB 3HEPruHu. B uacTHOCTH, €4 = Fg -3 —
0e3pa3MepHbIi KMHEMaTH4YeCKHH mapaMeTp 00beMHOU
IUIOTHOCTH SHEPIHMH, IPUOOPETEHHON (€44 > 0) mmm oT-
JaHHOH (e4 < 0) wacTuiei pu ee Aedopmarn, MoxKeT
OBITH TIpeNCTaBICH Yepe3 Apyrue Oe3pa3MepHbIe WHBA-
PHAHTEL: €4, =€, +e,. [lapamerp e, =3(e” —1) coorner-
CTBYET 4acTH 00BbEMHOM INIOTHOCTH SHEPTHH JiehOpMALIUH,
aCcCOLMMPYEMOIi ¢ yCpeTHEHHOW JITMHO CTOpOH OecKoHEe-
HO MaJIOW YaCTHIIBl, OH MOXKET OBITH KaK IOJIOXKHUTEITbHBIM,
TaK M OTpunaTensHeIM. BTopoe ciaraemoe e Bcerza mosuo-
JKUTEJIFHO ¥ COBIIA/IAET CO CPETHEKBAIPATUUECKUM OTKIIO-
HEHHEM JUIMH pebep mapajuiesnenuie/a, nepBoHavalIbHO
OPHEHTHPOBAHHOTO IO OCSIM KOOPJIUHAT HaOJItoIaresi, ot
UX CpPEeHEro 3HAYCeHUs e:

e, =(l,—e)’ +(lg—e)* +(I,—e)’. (5)
OrtHotenne 06beMoB mocie 8V u 1o aedopmaruu 3V,
omnpenensieT KyOnueckuil ”HBapUaHT TeH30pa (2)

R
R=3V/8Vy=|yy ¥ |- 6)
Zy % %y

W3 3akoHa coXpaHeHUsI SHEPTUU 1 HHBAPUAHTHOCTH €

TI0 OTHOILICHUIO K BEIOOPY CUCTEMBI OTCUETa CKOPOCTEH [ 7—

9] nBWKEHUE MaTepHaIbHBIX YaCTUI] OMUCHIBaeT tudde-

PEHIMAIbHOE YpaBHEHHUE
T,

Jo

ot

Py
—PoXy | ) -
p ®p

Xt Py |+

9%
do.,,
rac xl-J, xm — KOMITOHCHTBI CKOPOCTHU U YCKOPCHHA B
HAIPABJICHUSX OCeH X;; P, — IUIOTHOCTb Marepuana B
HUCXOOIHOM COCTOSIHHH, Tpi — IMOBEPXHOCTHAs MIOTHOCTH
CHJI Ha TpaHiX OECKOHEYHO MaJIoro mapauleNeluIena,

HOpMaAJIb K KOTOPBIM B UCXOJHOM COCTOSHUHM YKa3bIBaCT

+z, —Pozy |=0,
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TIepBBII HIDKHUI HHIEKC, a HAlIPaBJICHUE HANPSHKEHHUS —
BTOpoi. Ilo cymiectBy, aTo Hanpsbkenust Kupxroda ams
MpOCTpaHCTBa nepeMeHHbIX Jlarpanxka [9]. Ecau npupas-
HSTB HYJTIO K&K IYI0 CKOOKY, ITOJTy4nM aHanoru quddepen-
[UATBHBIX YPaBHEHHH ABM)KEHHUS KIIACCHYECKOW MEXaHUKU
nedopmupyemoro TBeporo Tena [1, 3].

B pa6ote [10] noka3aHo, 4To, He BCTyIasi B IIPOTHBO-
peuue ¢ KJIacCHYECKOW MEXaHMKOW TBEPAOro Tela, JUIs
JIOCTOBEPHOTO OITUCAHUS ITPOLIECCOB JeopMaluy B yrpy-
TOif 00JaCTH TOCTAaTOYHO OIHOTO MOJIYJISl YIIPYTOCTH K U
YCIIOBUSI TPONIOPLMOHATBHOCTH

Tpi = 2Kx;, e
TOFI[a BMCCTO MPEAbIAYIICTO YPABHCHU TOJTy4acM
ox dy
)4 2 p 2
X| == WXy [TV =Wy |t
doL,, do,
0z
+z,| =~ uzztt =0, (7
do.,,

e u’ =p,/(2K), IMHAMHYECKHE ypaBHEHHs HpeoOpa-
3ytoTcsi B ypaBHeHus [lyaccoHa uist Kaxaoi n3 QyHKIui
(M

’x, 5 0%x

aai or’

IIpumenenue cucteMsl (8) BMecTo ypaBHeHUs (7) Mo-
JKET MPUBECTHU K IOTEPE YaCTH BO3MOXKHBIX pereHni. Huxe
00a BapHaHTa MCIIOJIb30BaHbI JUIsl aHATU3a YHEPTeTHYECKUX
0COOEHHOCTEW IPU OCHOBHBIX (hOpMax OTHOMEPHBIX KOJIe-
0aHMif 1 UX CYNEPHO3UIHHU C ONPEIEICHHEM COCTABIISIO-
IIMX SHEPTHH, YYaCTBYIOIIHX B JIBUKCHHH.

®)

3. OnHoMepHBIE NPOIOJILHBIE KOJTEOaHUS

PaccMoTpuM npu3mMaTHyecKuii CTep KeHb, KOHIIBI KOTO-
POTO 3aKperIeHbI B HETIOIBIKHBIX MacCUBax, He OOMEHH-
BAIOIIMXCSl DHEPTUEH ¢ Koneoiromelics: cucremoit. Crep-
JKEHb TI0JIBEPracTcs BHEIIHEMY BO3ACHCTBHUIO C IOSIBIIE-
HHEM JieopMalnii, JHepreTHIeckr SKBUBAJICHTHBIX pado-
TE, IPOU3BE/ICHHON BHEITHUMH CHJIaMU. B MOMeHT, KoTo-
PBIH MPUHUMAETCs 32 HAYaJlo OTCYeTa BPEMEHH, BHEIITHEE
BO3/ICHCTBHE PEKpaIaeTcs, CHCTEMa CTPEMUTCS BEPHY Th-
Cs1 B ICXOJTHOE COCTOSIHHE, HAUMHAIOTCS KOJIeOaHus ¢ Tiepe-
XOJIOM YIIpYTOi SHEPTUH B KHHETUYECKYI0 U HA000pOT.

COBMECTUM OCh X C OCBIO CTEPIKHSI, Ha4aI0 KOOpAH-
HaT — C JIEBBIM HETIOJIBIKHBIM TopLioM. [Ipenedperas mo-
nepeyHbIME e popMaIisiMu, cucteMy (1) 3amumemM B Buzie

x(o, t)y=a+u(o,t), y=p, z=Y, )
CEYCHUS OCTAIOTCS TUIOCKHMHU, MEPEMELICHUS ¢ = X — O
MIPOUCXOJIST TOJIBLKO BJIOJb OCH cTepskHs. BmecTo (7) momy-
YUM ypaBHEHHUE C OJJHOM HEN3BECTHOM (QyHKIMEH

°x P

0’ 2
KOTOPOE € YYETOM MPOU3BOTHBIX

X (0, 1) =14 uy (O 1), X (0L 1) =1y, (O 1),

.2
X =W Xy

x, (0, 1) =u, (0, 1), x, (0, 1) =u, (0L, 1)
npeoOpas3yeTcst K BUILY
Uy = Wiy, W u, = (l/uz)uw =AUy (10)
rae
A% =1/u? = 2x/p, . (11)
[To ¢popme ypaBHenue (10) coBmagaer ¢ HCHONb3ye-
MBIMH B paboTax [1-5], HO apryMeHTaMu sIBISIIOTCS TIepe-
MeHHbIe Jlarpamka. [Ipunumas perienue JJamamo6epa [3],

noyvaeM
pl . o — At . o+ At
u(o,t) ==|sin| 1 +sin| T =
2 L L

= psin 'ltg cos —mA
PR L

u cucrema (9) npuHUMaeT BUA

( oc) (—n?»t)
x(o,t) =0+ psin nz cos ,

L
12
y=B, z=v. (12)

Pemrenue (12) comtacoBano ¢ HauaabHBIMU YCIOBUSIMHU
. o
x(o,t=0)=0+ psm(nz), u, (0,t=0)=0.

I'paHuYHbBIE YCIOBHS Ha TOPIAX PACCMATPUBAEMOTO
CTEPKHSI

u(a=0,0)=0, u(v=L,t)=0
BBITONHSIOTCSA. CKOPOCTH U YCKOPEHHUS TIEPEMEIIICHUS Yac-
THIT

u,(0,t) = %Sin(n%)sm(—%}w}

u, (o,t)=— n_k 2sin ng cos —R—M
L Pl L L

Ha TOpIaX CTePXKHS paBHBI (.

Hcnone3zoBanue nepemeHHsix Jlarpamka He TpeOyer
YTOYHCHUSI BHEIITHUX TPAHUII CTEPIKHS IIPU HHTETPUPOBa-
HUU JIOKAJIBHBIX XapPaKTCPUCTUK MO 00BEMY U MO3TOMY
MPEAIOYTUTETHHO JUTSI OTIMCAHUS YJHEPIETUUCCKUX 0COOCH-
HocTel npornecca. [IpuHuMasi BO BHUMaHHE

l+n—pcos ng cos im 00
L L L

X = 0 1 0], (13
0 0 1

JUISL IeTIbHOM dHeprun nedopmannu (4) nomydaem

?SEdef:K[Zn—pcos 12 |cos —TtE +
L L L
2
+H 2 cos?[ 12 |cos? —nﬁ 7V, (14)
L L L
py U3MEHEHUH 00beMa (6)
R=3V/dV, Z\xi’p\ =1+

+n—pcos(ng)cos( T ) (15)
L L L
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Onepruto aedopmanun B o0beMe CTepxxHs V), ¢ mio-
IIa/bI0 TIOTIEPEYHOTO CEUeHHs S, TOIYyYHM B pE3ynbTaTe
WHTCTPUPOBAHUS:

L ) TCZPZ
Eger = KSo [ (T2 =3)80 = kS, X
o 2L

AN 1 n’p? At
2 p 2
Xcos| -mt— |=—KV,—=—cos"| -m— |. 16
( Lj 270 p ( Lj (1o

KuneTtnueckast 3Heprus 4aCTUIL B TPOU3BOIHHOM cede-
HuH ¢ yueTtoM (11)

1 mp
SEyin =Ep0x,28V0 = KSVO(TPJ x

xsinz(ﬂjsinz(—n—hj (17)
L L

JJIs1 BCETO o0beMa CTCPIKHA COCTAaBUT

2 242
Ekin :£S0pOMSin2(—nTMj:

4 r
2.2
T pT . o TAM
=VyKk—=sin"| —— |. 18
o ar? ( L j (1%
CyMMapHas SJHeprust 2 2
Tp
Esum :Edef +Ekin = VOK 2L2 X

2 2
><[cos2 —nﬁ +sin’ —nﬁ }:VOKTE P
L L 2r

HE 3aBUCHT OT BPEMEHH U COBIAJIAET C IepeaHHOI cuctemMe
(16) ipu = 0. B ka)x10M ce4eHNN ynpyrasi 1 KHHETHIeCKast
SHEPI'UU U3MEHSIOTCS BO BpEMEHHU B COOTBETCTBHH C ypaB-
Henusimu (14) u (17), Ho 11 Bcero oObemMa CTEPKHs UX
CyMMa OCTaeTcs IMOCTOSHHOI.

Kak orMeueHo BblIllle, SHEPTHIO YIPYToi redopMalun
(4) MOXHO TIPE/ICTaBUTh Yepe3 KOMIIOHEHTHI TeH3opa (13)
B BH/JIE CYMMBI COCTABIISIOIINX, KOTOPbIE MOXKHO aCCOLIUU-
poBaTh C NBMEHEHNEM JUTHH pedep yacTuibl. i1st mpoaoss-
HBIX KoJleOaHui

I+ +1 —
=BT 1 TP g ng cos AL ,
3 3L L L
2
ee=3(e2—1):l 21 cos?[ 12 |cos? T +
3\ L L L
27mp o —TAt (19)
+—"cos| m— |cos =e, te.,,
L L L

2 p 2 2 o 2 —TIAL
e,=—| — | cos”| m— |cos”| —— |.
(%) ez o)
VrenbHas dHEPTHSA e, 3a CUET BTOPOTO CIAraeMoro e,
MOXET MEHSTh 3HaK, KaXK/1ast YaCTUIIa B TIpoliecce Kojieda-
HUI TIpeTeprieBacT yBEIUUCHHE U YMEHbBIICHHE 00beMa.
YacTHIbl ¢ HAYAILHOM KoopuHaroit o = L/2 B mpomecce
koneOanmii He nedopmupyrorcs. Haubonbiive 3HaueHUS
9Heprust AehOpMaIUH €4, MPHOOPETaCT HA TOPLIAX CTEPIK-
Hs1. IHTerpasbHbie 0 00beMy 3HAUCHHUS

2 2
Ee:Kj.eeSV():KVOT‘:p2 cos? T ,
v, 6L L

2 2
E; =xV, T }; cosz(ﬂj
3L L
U3MEHSIOTCS BO BPEMEHH 10 €JMHOMY 3aKOHY, S9HEpTHs E
Bcerza B 2 paza 6onsme E,. CymmapHyto sHepruto gedop-
MaIliH oTpeselsieT ypasuenue (16).
YactoTa v u nepuon T konebanuit

T I B B A < Ly
T 2L L\ 2p, ) K

HE OTJIMYAIOTCS OT MPUBEJEHHBIX B padoTax [1-5].

4. Ilonepeuynbie KoxedaHUsI

J1J1st moriepeyHbIX KoJIeOaHUi MPE/IToN0KNM, YTO KOOp-
JIMHATBI YaCTHII TT0 OCSIM X U Z HE M3MEHSIIOTCSI, a ITepeMelte-
HHS IO OCH Y 3aBHUCST OT OL M £:

x(o,, =0, ya,,t)=p+o(,1), z(a,,)=y.(21)

Kak u B npenpiayiem cinydae, ypaHenue (7) mpeod-
pasyeTcs K BUay (8) ¢ ofHO# HEeM3BeCTHOM (PyHKIMEH JyIst
KOOPJMHATHI y W BEPTHKAJIBHOTO repemMenieHust v(o, t)

0, (0L, 1) = M0, (22)
OTOMy ypaBHEHMIO, a TaK)Ke HadaJbHBIM M TPaHHUYHBIM
YCJIOBUSM JJISI CKOPOCTEH U MepeMelIeHui

v(a, t =0)=gsin(mo/L), v,(ct,t=0)=0,

v(a=0,7)=0, v(a=L,1)=0
YAOBIETBOPSIET QYHKINS

v((X,t)=z[sin[na_m)+sin(nOHMﬂ:
2 L L
. [ (x) (—nkt)
=gsin| m— |cos :
L L

Cucrema (21) mpuHEMaeT BUI
x(o,, )=0, y(a,)=p+ qsin(n%jcos( _ZM j,
(23)

z(o,, )=y
C IPpONU3BOAHBIMU

(o, t)=— i 2sin 7tg cos M
y(x(x > q L L L )

(o t)——nzqk2 sin 7tg cos _n_kt
RZANYE 2 I )

IJle ¢ — MaKCHMMAaJIbHOE CMEIIEHHUE BOJIb OCH J B CEUEHUU
o= L/2. CkopocTH yacTHi|

v,(0,t)= mgh sin[rc(x)sin(—nm) (24)
A L

Ha TOPIIAX CTePKHs paBHBI 0, B HAYAJILHBIH MOMEHT OHH
OTCYTCTBYIOT 10 Beeii ero juuHe. JleopMarivs, B OTIndIme
OT MPOJOJIBHBIX KOJIEOaHMUH, OCYIIIECTBIAETCS 3a CUET CIIBH-
TOB y, B IIOMEPEYHBIX CEUEHHAX

1 00
X, = q%cos(n%jcos(—n%j 1 0y (25)
0 01

IIpu kBagpaTUYHOM MHBapUaHTe TeH30pa (25)
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=yo(a,t)=

2
= (ﬂ) COSz(ng)COSZ (ﬂ)
L L L

Y JIOKAJILHOM 9Hepruu Aedopmarin yactur (4)
8E 4 = k(T2 =3)8V, =

2 _
Fe -3= €def

2
=xkdV, T cos?[ n2 Jcos? —7tE (26)
L L L
SHeprus e(OpMaIMy CTEPIKHS COCTABIISIET
1 i 2 2 At
E r=—xV,| — | cos”| -n— |. 27
def = 0( 7 ) ( 7 27)

st kunetnueckoi sneprus ¢ yueroM (11) u ckopoct (24)

1
OEyn :EpOUtZBVO =

2
:%SVOpO [%sm( i )sin(—%mﬂ, (28)

ImocJie I/IHTerI/IPOBaHI/Iﬂ 1o O6’BeMy noixryvdacm

kz TIAL
Eyin =— Sopo L (T):

2.2
:Voan2 sin? n_)w .
2L

L

CyMMapHaﬂ KHUHETHUYCCKAs SOHCPIUA U DOHEPIUsd ,ueq)op—
Maluu B o0beme KOJ'IC6J'IIOIHGFOCH CTCPIKHA

2 2
nq 2 At
Egm = Eger + Evin = SoK 2L [COS (_EZ}F

+sin2(n%ﬂ ;VO (TZ]), (29)

KaK M B CITy4ae IMpOoJIOJIbHBIX KoJIe0aHHi, COBIIA/IAET C Iepe-
JITaHHOI B CHCTEMY 3a CueT BHEUIHErO BO3/JeIICTBUSA B MO-
MeHT ¢ = 0 ¥ He U3MEHSETCsl BO BPEMEHH, YTO CBUJETENb-
CTBYET O COOJIIO/ICHUH 3aKOHA COXPAHEHHs SHEPTrHH NpPH
OTCYTCTBHUH JUCCUIIATUBHBIX MPOIECCOB (Mepeaadn SHep-
TUU B HETOJBIKHBIE CTEHKH Ha KOHTAaKTaX C TOPLAMHU
o0pasia WK B OKPYXAIOIIYIO Cpelly ¢ BHEIIHEH TOBepX-
HOCTH cTepkHs). Pesynbrar omyaercst ot ypaBHeHus (18)
JUISl TIPOZIONIBHBIX KOJIEOaHUit 3aMEHOM HalpaBJICHUS CMe-
meHust ¢ (BAOJNb OCH y) BMECTO p (BIOIb OCH X), UTO OT-
JMYaeT BHEITHUE BO3/ICHCTBUS B OTHX BHUAAX KOJICOAHHH.

JlokanbHast 3HEpPTUst 0ECKOHEYHO MaJIbIX YaCTHUI] C 00be-
MoM OV, U3MEHsSIETCsI B COOTBETCTBUH C YPaBHEHHSIMH (26)
1 (28), 00beM yacTHIl COXPAHSIETCsI TOCTOSHHBIM

1 00
R=8V/8V,=|y, 1 0|=1. 30)
0 01

[IpuHUMas BO BHUMaHHE KBaPaThl OTHOIICHUN JTHH
pebep 6eCKOHEYHO MAJIOTo MapalIe/ICHIIeIa, OPUCHTUPO-
BAHHOT'O B UCXOIHOM COCTOSIHUH I10 OCSIM KOO TUHAT:

2_ 2, 2, 2_ 2 241 g2_

Ig=x5+ys+z5 =1+y3, lﬁ =1, lY =1,

JJId UHBApHUAHTOB, OIPCACIIAIOIMNX JIOKAJIBHBIC XapaKTe-
PUCTUKHU DHEPIUH, IMOJTydacM

' -3=ey s =€, +e =

2
= (E) cos? ('itg)cos2 (—nﬁ).
L L L

WuTterpainsr mo o0beMy THIIA f\/ a* +b?cos’x dx e
BBIPAXKAIOTCS uepes areMeHTapHble GpyHkuuu [11], Ho oHn
HE BIIMAIOT KaK Ha JIOKANBHEIE €., TAK U HA HUHTETPANIbHEIE
E 4 3nauenus (27). DHeprus, cBA3aHHAsA C NAPAMETPOM
(5), Bcerna nonoxkutensHa u oOpariaercs B 0, Korja yacTu-
I1a BO3Bpallaercsa B Helle(OpMUPOBAHHOE COCTOSHHE.

WHTEpecHO OTMETHTH, YTO €CIIH OTPAaHUYHUTHCS ABYMSI
aleHaMHu pasoxeHnst B psin V1+x =1+1/2x—1/8x% +...,
TOTJa

2

g oL AL
ee = eel +eez :(7) COSZ(T)COSZ(—T),

2
eszesl+e2=g T cos?[ 12 |cos? LM -
3\ L L L
2
_2(mg cos? ng cos? _—n?»t =0
3\ L L L

1 pe3ynsTat (31) Juist ey B THOOOM CITydae OCTAaeTCs HEU3-
MEHHBIM.

dopmyItel 7151 IeprUoAa ¥ YacTOTHI KoJieOaHuil coBria-
JaroT ¢ ypaBHeHUsIMH (20) 17151 TPOJOIBHBIX KOJICOaHHH.

5. KpyTuibHble Kojedanus

[Ipu KpyTUIIBHBIX KONEOAHUSX, B OTIMYHE OT IIPOIOITh-
HBIX W TONEPEYHBIX, MOTYT BO3HUKATh OKPY>KHBIE M pa-
JUaJlbHble TIepeMEIeHNs YacTHll. B cBa3u ¢ aTHM, naxe
NIPY YCJIOBHH TUTOCKOM Niehopmariyy, B 1€KapTOBOM CHCTE-
Me KOOpJIMHAT HEOOXOMMO PacCMaTpHBaTh /1B ypaBHEHUS

x=0, y=yB,Y, 1), 2= 2(B, 1, 1). (32)
VYpapuenue (7) Oynet UMETh J1Ba ClIaracMbIX JUIs PyHKITHIA
v(B,v,t) u z(B, v, t). YToOBI yIPOCTHUTH pEIIICHHE, TTO aHA-
JIOTHH C TIPEABIIYIIMMHU BUIaMH KOJIEOaHHH, BOCTIONb3yeM-
csl cucTeMol IByX A pepeHInanbHbIX ypaBHeHu (8) mis
VCKOMBIX (DyHKIIHI:

Voo ¥ Vo + Yy =MWV

IIpencTaBum ypaBHEHUs U1 KOOPAMHAT ) U z B BUJE [9)]

x=0a, y=n(BcosAy —ysinAy),
z=n(Bsin Ay + 7y cos Ay),

e N=r/p,r* = y* +z% p* =p> +y> — orHOmEHHE pa-

JIYCOB YacTHIIBI B IpoIiecce KoJeOaHni K UX HCXOITHOMY

Zao T 28p T 2y = uzztt. 33)

(34



82 Anowun FO.A. / @uszuueckas mezomexanuxa 22 3 (2019) 77-87

3HaueHU10. be3pazMepHbIi panyc 1) 3aBUCUT OT MOJIOXKeE-
HUS YaCTHIIBI, YIJIa IOBOPOTA CEUEHUSI, a TAKIKE, BOZMOXKHO,
OT YIJIOBBIX CKOPOCTU U YCKOPEHHs BpAILEHUSI CEUECHUS.
Jedopmarirst OCyIecTBISIeTCs 3a CUST CIBUTOB M H3MECHE-
HHS 00BeMa

Xy Xg o %
R=3V/dV, =y, Vo W=
Zy Zp %y
1 0 0

=|y(Inm), —y,z MeosAy  —msinAy|=n"
z(Inn), +W,y MsinAy  mcosAy
Ecmn OTpaHUYUTHC NPCATIOTIOKCHUCM
N=n), Ny =MyVy, N, =NV, (33)
ypaBHeHus (33) MpUHUMAIOT BT
AN =y 1= 20V o + 2 (Inm), 1=
=W yl(nn); —y71-p’zly, + 2y, (Inn), ],
Anm)g = w1+ MWy +2u, (Inn), ] =
=w2[(nn); -7 1+w sy, + 2y, (Inn), .

Bo3Bons B kBaspar u CyMMHpYs JIEBBIE U NIPaBbIC YaCTH,
NoJTy4aeM ypaBHeHue 4-i cTereHu st GyHKImi (oL, £) n

n):
n, ' n, Y. M
Ll Ee+2 XL | E+4Ex
n n n
X(WoaWo 0w W) +E+yl, —utyr =0, (36)
e ?,:w‘& —u4w?. Ecnu npenebpeus M3MEHEHHEM pa-
,)IPIaﬂLHOﬁ KOOpI[I/IHaTI)I )51 HpI/IHSITI)

1 =1 = const, 37)
ypaBHeHHE (36) CBOAUTCS K YCIOBHIO Jyist (QL, £)
Vo Vo =why +uty (38)

Pemenue (o, t) = Csin (00 gt) obparmaer ypaBaenue (38)
B TOXJIECTBO, HO OHO HE COIJIaCyeTCs C HaYaJbHBIMH U
IPaHUYHBIMHU yCIOBUSIMHU
y(a,t=0)=0sin(no/L), y(o=L/2,t=0)=86,
Y, (0,t=0)=0, y(a=0,6)=0, y(o=L,1)=0.
B nononnenue k (37) MOXXHO IPUHATH \y; = M4W? U TOrJa
JUTS ICKOMOH (yHKIMA Y = (O, ¢) TI0JTyuaeM ypaBHCHUE,
MOJIOOHOE PACCMOTPEHHBIM B TIPEABITYIIUX BApAAHTAX KO-
nebaHmii:
Voo ~ w5 =0. (40)
[Ipennonosxenue (37) mO3BOMSET UCTIONB30BATH BMECTO
ypaBHeHUi (32) COOTHOIIEHHUS ISl aDCOTIOTHO TBEPIOTO

Tesa
x=0ad, y=pcosAy —ysinAy,

(39

41
z =Psin Ay +y cos Ay 40

¢ pynkIueit Y(a, f) ¥ IPOU3BOIHBIMHE

y(o t):g{sin na_}d +sin nOH_M J:
2 L L
= Gsin[rc%)cos( _ZM ), (42)

Wy (o,t)= Q%COS(TE%)COS(%}\J}

v, (0,0) = Gljsin(n%jsin(%hj,

2

W (OL,1) =—9(%j sin(n%)cos(—n%t),
2

vy, (o,t)= —9(%) sin(n%jcos(—%h),

rie 6 — yron NoBopoTa CeUeHHst ¢ KOOPAMHATOH oL = L/2
npu ¢ = 0. [Ipu 3TOM TpaHHUYHBIC U HAYAJbHBIC YCIOBHUS
(39), a Taxxe (33) BBHITOTHSIOTCSL.

Oc060 0OTMETHM, YTO TIOTYYCHHOE PEIIICHUE YIOBICTBO-
pseT He ToNbKo cucteme (8), HO u Oonee o0IEeMy ypag-
Henuo (7)

Vi Do T Vpp + Yy — W00+
+2,(Zgo T+ Zp + 2y — ].Lzzt,) =0,

MIpUYEM B MOCIIEAHEM ciTyuae, ¢ yueToM (41) u (42), 1omKkHO
OBITH BBITIOJTHEHO TOJBKO yCIoBHE (40) B yIIPOIIICHHOM BHJIC:

VYo _Mzwtt =0.
DTO MOXHO paccMaTpHUBaTh KaK JIOTIOJHUTEIBbHBIN apry-
MEHT O IPUEMIIEMOCTH MOTyYEHHOT 0 peIlIeHus] JUIs aHaIu3a
SHEPreTUYECKUX 0COOCHHOCTEN CBOOOIHBIX KPYTHIIBHBIX
KOJIeOaHMH.

IIpuHuMas Bo BHUMaHHE BBIpaXKEHUS I TeH30pa (2)

1 0 0
X, =| "Wz COSAY  —sinAy |,
Y,y sinAy  cosAy

HaXOJIMM 3HaYCHHE KBaJIPaTUIHOTO MHBAPHAHTA, YACTHHON
SHEPIHHU YIPYTOi Ae(opMaIiii U KHHETHUCCKON SHEPTHH
YaCTHIL

T2 =03 +I5 +17 =3+y5 +z5 =3+yor,
SE o = KOVyuir® =

2
= k3V,n°0> (ij cos® (chosz (_n’_kt),
L L L

8E i = KWOVw 1 = k8V,0°1° X

2
r Lo TOLY . oo Tt
X[ — | sin”| — [sin”"| ——— |,
L L L
KOTOpBIE 3aBUCST OT pajuyca yacTull. VHTerpaipHble 0
00beMy 3HauUeHUsI YHEPTUit

R’ TAL
- 202 2
Eyp =xVym 0 Ecos (—Tj,

2

E, = KV,0’n’ R—zsin2 (—E—Mj

4L L
B CyMM€ COOTBETCTBYIOT 3aKOHY COXPAaHCHHUS DHEPIHU B
00beMe KOJICOITIOIIECTOCS CTEPIKHS U COBITAIAOT C pabOTOM
BHEIITHHUX CHJI, TIEPEIAHHOM TeTy K MOMEHTY Havaja Kojie-
OaHuii:
) R?

Egm = Eger + Exin = KV0921I 12 (43)
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B cootBercTBUM ¢ ypaBHeHUsIMHU (41), Kak U B cilyyae
TIOTIepPEYHbIX KoJieOaHui, ynpyrast Jeopmarys 0CyIiecTB-
JsieTcs 3a C4eT CIBUIOB, 00BbEM MaTepHaIbHBIX YaCTHIl U
IUTOTHOCTb MaTepuasia OCTal0TCd HEU3MEHHBIMU, HE3aBHCH-
MO OT BEJIMYMHBI yIyIa IOBOPOTa '

Xo Xg X,
R=8V/3Vy=|y, ¥ ¥|=
ZO( ZB ZY
1 0 0
=-y,z cosAy -—sinAy|=1.
Y,y sinAy  cosAy

JlokasbHBIC XapaKTCPUCTHUKH ISl PACUETa COCTaBIISIO-
IIUX SHEPTUH €, U e, ONU3KM K PACCMOTPEHHBIM BBIIIIE
JUTS TIOTICPEYHBIX KOJICOAHMIA:

l; =l+y§+z§ =l+\p(2!r2, lp=1,=1

e:g+l\/1+\p§r2,

33

3e* = é+i\[1 + \pérz +§\pér2,

33
Fi :3"')’;"‘23 =3+\|Jér2,

e, = 3 -1)= %Wé’”z n (44)

4
+§(\/1+\|J§r2 “D=e, +ey,
e, zgwérz +§(l—\[1+\pér2)= egteg,

— — 22 =
edef_ee+es_wozr -

2
=0°r? (i) cosz(ng)cosz(—nﬁ).
L L L

Wurerpansl no 00beMy [UIS ClIaraeMbIX ¢ KBaJpaTHbIMU
KODHSIMHM, KaK U B Cllydae MONEpPeUHbIX KONeOaHUi, He
BIIUSIIOT Ha JIOKAJIbHBIC U HHTETPAJIbHBIC 3HAYCHHS SHEPTUU
ynpyroit nedopmaru. Ecnu Bocrions3oBarbes pasioxe-
HHMEM KBaJJpaTHOTO KOPHS B Psi/] U OTPaHUYUTHCS ABYMSI Uile-
HAMH Pa3JIoKeHNs, TOIA IOJTy4aeM €, = 2/3 u ey, =—2/3,
PE3yNbTaT ANs €4 B JIFOOOM CITydae OCTAeTCs MPEKHUM.

ITepuon 1 yacToTy KOJIEOAHUI ONPEAETISIOT ypPaBHEHUS
(20), kak 1 U1 APYTUX BUJIOB PACCMOTPEHHBIX CBOOOIHBIX
KoNeOaHuH.

6. Cynepno3uuusi pa3jiu4HbIX BUT0B CBOOOTHBIX
KoJIe0anmii

PaCCMO’I’peHHLIe BBIIIC PCHICHUA NJI TPEX TUIIOB KOJIC-
Gauuii Mor YT OBITH HCITOJIH30BAHBI JJI aHaJin3a OHEPreTu-
YCCKUX U UHBIX, B YaCTHOCTH Z[e(l)OpMaHI/IOHHLIX, 0cobeH-
HOCTe# 00jee CIOKHBIX BHJ0OB KoJIeOaHU# C HCITONB30-

BaHMEM OOIIEro MPHUHIIMIIA CYNEPIO3UIINN BIKCHUH, 3a-
nrcaHHbIX B popme Jlarpamxa [8, 12]. B coorBeTcTBHHM C
9THM MPUHIIUTIOM, YTOOBI TTIOJTyYUTh YpaBHEHHS IJIsl COBME-
IIEHHOTO JBIDKEHMSI, TOCTaTOUHO 3aMEHUTH IIePEMEHHBIE
Jlarpan>ka Bo BHEIITHEM (HaAJIOXKEHHOM) IBIDKEHHUH BBIpaXke-
HUSIMHU JUIS1 COOTBETCTBYIOIIUX EPEMEHHBIX Dilfiepa BHYT-
PpeHHero (BI0XXEHHOT0) ABMxKeHus. COBMeEIaeMble JIBHKe-
HUSI TOJDKHBI OTHOCUTBCS K OJJHUM U TEM e MEXaHHUECKUM
CHCTEMaM U, €CTECTBEHHO, UMETh OJIMHAKOBYIO 00JacTh
OTIpeIeNIeHNs JIarpaHKeBbIX koopauHat. Cuctema oTcuera
BPEMEHU B COBMEIIIAEMBIX ABIKEHHSIX MOXKET OTIINYAThCS
[12], HO AJ1 MPOCTOTHI UCTIONB30BAHMS MPUHITUTIA JTYYIIIE,
€CJIM CUCTEMBI OTCUETa BPEMEHH COBIAJAIOT.

OOBIYHO K BHEITHHUM CIIE/TyE€T OTHOCHTH JABHKEHHUS, Y
KOTOPBIX IepeMenienus 6omnbie. Hanpumep, npu ananuze
KoJieOaHMsl MasiTHUKA C y4ETOM BO3MOYKHOCTH €I'0 JIOTIOTHH-
TEJIHOTO BPAIEHUSI OTHOCUTEIBHO OCH, IPOXOJAIIeH ue-
Ppe3 LIeHTp Macc 1 OCh ITOJIBECKH, BHEIITHUM Oy/IeT BpallleHHEe
OTHOCHTEJIBHO OCH TIOJIBECKH, & BHYTPEHHUM — JIOTIOJTHH-
TENbHOE BPAIllEHHE OTHOCUTENIEHO OPTOTOHAILHONW OCH.
Ecnu coBMeIaroT IBIKEHUS, CBI3aHHBIE TOJIBKO C ieop-
Maruel, HampruMep Ipu ocajKe ¢ KpydeHueM [8] umu s
paccMaTpUBacMBIX KOJICOAHUH, TOT/Ia TF000E 13 IBUKCHUH
MOXKET OBITh MPUHSATO BHEITHUM, JIPYTO€ — BHYTPEHHHM.

Ilocne koHKpeTH3aUK ypaBHEHHH COBMEIIIEHHOTO JIBH-
JKEHHUs CIeIyeT 3amucaTh TeH30p (2), HalTH WHBApUAHTHI
ypaBHeHu#t 1BrkeHus (3)—(6) 1 Mpou3BOAHBIE ITO BpEMEHU
(KOMITOHEHTHI CKOPOCTEH M YCKOPEHHUI). DTUX JaHHBIX
JIOCTATOYHO JIJIs OTIpe/IeICHHs XapaKTePUCTHK JiepopMUpo-
BaHHOTO, HAMPSKEHHOTO MJIM SHEPTeTHUECKOTO COCTOSHUS
YacTHIl CHCTEMBI B JII000 MOMeHT BpeMeHu. Hinke s
KaX/I0TO U3 PacCMOTPEHHBIX BapHUaHTOB CyNEpHO3ULIHU
MIPUBEICHBI TOJIBKO Oe3pa3MepHbIec 0000IIEHHEBIC KOOP/IH-
HAThI TeH30pa (2).

[Tpu coBMeIIeHNH TPOOIBHBIX M IONIEPEYHBIX KoieOa-
HUU Bocnonb3yemcs ypasHeHusiMH (12) 1 (23). Ecin BHer-
HUM JIBUKCHUCM CUHTATh MPOIOIbHBIC Konebanus (12), a
BHYTPEHHUM — Ioniepeynsle (23), mocie 3aMeHbl IepeMeH-
HbIX JIarpanxa B cucteme (12) ypaBHEHUSIMHU 17151 COOTBET-
CTBYIOIIIMX MIEPEMEHHBIX Diisiepa cucTeMsl (23), moayyaem
YpaBHEHMSI COBMEIIEHHOTO ABHKEHUS

. ( oc) (—n?»t)
Xx=o0+ psin| T— |cos ,
L L
=B+ ¢gsin 1< lcos M z(y, ) =
y q I 7 ) Y, Y

¢ 6e3pa3MepHBIMU 0000IIEHHBIMU KOOpIMHATaMH (2)

Xo Xg Xy
xi,p: Yo yﬁ yy =
ZCX ZB ZY

1+7p/Lecos(no/L)cos(—mAt/L) 0 O
=| mg/Lcos(ma/L)cos(-mAt/L) 1 0| (45)
0 01
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Ot0 HanboJee MPOCTON BU YpaBHEHUIT, OHH YIOBJIET-
BOpSIIOT U depeHranbHbIM ypaBHeHUIM (8), a Takxke
HaydalbHbIM U TPAHUYHBIM YCIIOBUSIM JUISI COBMELIIEHHOTO
KoseOaHusL.

Ecnn nonepeunsie konebanus (23) NpuUHSTH 32 BHEIIHEES
JIBIDKEHNE, a TpopoIibHbIe (12) — 32 BHyTpEeHHEE, ypaBHe-
HUS COBMEILICHHOTO JBIDKCHUS IPUHUMAIOT BU/T

x(o,t) =0+ psin ng cos iM
> p 17 12

(o, B, 1) =P+ qsin{%[ow psin(%”)x

X CoS —TC—M }cos —TC—M z(y, )=y
L L) " '

O06001eHHbIe Oe3pa3MepHbIe KOOPAWHATHI

IIpu Hano>keHNH BHELTHUX KPYTWIBHBIX KojleOaHuii (41)
Ha BHYTPEHHHE MpojoibHble (12) moayvyaeM ypaBHEHHS,
COBIAJAIOINE C MPEIbIAYIINUMU, HO IPUPAIIEHUs YIIIOB
JIOJKHBI yUUTHIBATh IEPEMEIICHHS YaCTHI] B HAIIPaBICHHU
OCH X

. [m . [ mo
Ay(o,t)=0 — o+ — | Ix
y(a,t) sm{L{ psm( 7 ﬂ

A {2

IIpu cynepno3uiiy NonepeyHsIX U KPyTUIIBHBIX KOJe-
OaHMif TaKke PaCCMOTPUM J[Ba BapuaHTa. B mepBom Oynem
CUMTATh BHEIIHUMH ToTiepedHble (23), a BHyTpEHHUMH —
KpyTWIbHBIE KosieOanus (41), B pe3ynbrare Cynepro3unnu
MOJTy4aeM ypaBHEHHUS

L
—TAt
L

X, = Ecos{E o+ psin o cos
L L P L

1+n—pcos(ﬂjcos(

—TtAt J 0 0
L

L
}(1 + pﬁcos(ﬂ)cos( Mt Dcos( —mAt ] 1 0
L L L L
0

CYIIIECTBEHHO OTIIMYAIOTCS OT MPEABIAYILEro BApUaHTa, HO
pe3yNbTaThl PAcYeTOB MOKA3BIBAIOT, YTO XapaKTEPUCTUKU
J1e(hOPMUPOBAHHOTO COCTOSIHUS YACTHIL B JTFOOOH MOMEHT
BPEMEHHU 110 YpaBHEHUSM, COOTBETCTBYIOIIUM 3TUM Ba-
pHaHTaM CyNepHO3ULINH, TPAKTUIECKU HE OTIINYAIOTCS.

Jns cynepno3uiuy npo1oiabHbBIX U KPYTUIIBHBIX KOJIe-
0aHUIl HY)KHO pacCMOTpPETh CUCTeMbI ypaBHeHuit (12) n
(41). Ilpu BHemHUX MPOA0NBHBIX (12) 1 BHYTPEHHHX KpPy-
TUIBHBIX (41) KoJeOaHMSX TSI COBMEIIICHHOTO JIBHIKCHUS
HoJIy4aeM

x(o,t) =0+ psin ng cos ~TA!
> p 17 7 )

y=PcosAy —ysin Ay, z=sin Ay +ycosAy,

Ay(a,t) = Gsin(n%j{cos(—n%lj—l}

[Tpou3BOIHBIE OT MEPEMEHHBIX Dilfiepa Mo MePEMEHHBIM
Jlarpamka 06pa3yroT TeH30p

1+ 22 cos| 2% \cos ﬂ 0 0
L L L
X, = -,z cosAy  sinAy |.
Yy sinAy  cos Ay

x(o,p, ) =,
y(o,B,¢) =PcosAy —ysin Ay +

) o —TtAL
+ ¢gsin| T— |cos ,
L L

z =Psin Ay +ycos Ay,

Ay(a,1) = Gsin[n%)[cos(—%m)— 1]

¢ TeH30poM (2)

1 0 0
g oL —TIAL .
. =| —cos| — |cos| —— | cosA sinAy |.
o= oo Tl T v snay
0 sinAy  cosAy

Bo BrOpoM BapuaHTe, KOT/Ia BHCIITHUMH SIBISTFOTCS KPY-
TUIBHBIC (41), a BHYTPEHHUMHU — MOTIEPEUHBIC KOJICOaH s
(23), ypaBHEHUS COBMEIIICHHOTO JIBUXCHUS

x(oLB, =0,

—{B+ sin 7tg cos M

y q 7 I
(o -mAt ] .

Z={B+qsm[nz)cos( 7 ﬂsmAwﬂ(cosA\u

MPUBOJIAT K HAHOOJIEe CIIOKHOMY BUIY TeH30pa (2):

ﬂ cosAy —ysin Ay,

-\t

ng oL
x; , =| ——cos| — |cos
’ L L
g o —TIAL
~—Lcos| — |cos
L L

1 0 0

)cosAw—wa{CsinAw+ycosA1u} cosAy —sinAy |,

)sin Ay + vy {Ccos Ay —ysin Ay} sinAy  cosAy
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rne §=P+gsin(no/L)cos(—mAt/L). DToT BapuaHT Mo-
JKeT OBITh PEKOMEH IOBaH TOJIBKO JIJIsI TIPOBEPKH ITPHUBEJICH-
HOTO BBIIIE YTBEPXKICHHsI 00 SKBHBAJICHTHOCTH PE3yibTa-
TOB PacyueToB J1e(POPMAIIMOHHBIX WII DHEPIeTUUECKHX T1a-
paMeTpoB KosteOaHuii o 000MM BapHaHTaM CYTIEPIIO3HIHH.

Juist oHOBpeMEHHOH peaii3allii BCEX TPEX BUIOB
KoJIeOaHHUH HHKE IPUBEACHBI YPABHEHUS IBU)KEHUS M TCH-
30p (2) TonbKO ¢ HAMOOIEE MPOCTHIMU MAaTEMATHICCKUMHU
3aBUCHMOCTSIMH, ITOTY9aeMbIMHU B PE3yJIbTaTe HAJIOKEHUS
paHee COBMELICHHOTO JIBH)KEHHUS C POAOJILHBIMH U TTOTIe-
PpeyYHBIMU KoJieOaHusiMU (45) (BHEIITHEE IBY)KEHUE) Ha Kpy-
TWJIBHBIC KoyieOanus (41):

x(o,t) =0+ psin ng cos M
’ L 7 L )

y =PcosAy —ysin Ay + qsin(n%jcos( _TZM j,

HusiMu (20). MHaue roBopsi, Iepexo MHTErpasIbHOM MO
00beMy ympyroil sHepruu E,; B KMHETHYECKYylO0 E; U
00paTHO IPOUCXOAUT B 2 pa3a yallle, 4eM caMu KoJeOaHus.
JBax1bl 32 EpUOJ KHHETHUECKAsl SHEPTHs TeIa MOIHOC-
TBIO IIPEBPAIIAETCA B YIIPYTYIO U IBAKABI 32 IEPHOJ YIIPY-
ras — B KUHETHYECKYO.

Cymmapusbie 3nauenus Eg = FEg .+ E;, ocraiorcs
noctosHHbIMU. Ha lepros 1 4acToTy cCOOCTBEHHBIX KoseOa-
HHUH YyIPYroro Tejia st OTHOMEPHBIX M MHBIX KOJIEOaHHH,
MOJIy4aeMBbIX B PE3yJbTaTe UX CYNEPIO3ULINH, HE BIUAIOT
aMIIINTYZIa U NepeJaHHas U3 BHEITHETO HCTOUYHHUKA DHEP-
rys. 3a c4eT AMCCHIIATUBHBIX MPOLIECCOB YHEPTHUsl B CHC-
TeMe U aMIUIUTY/a YMEHBIIAIOTCA, KOJIeOaHUs 3aTyXaloT,
HO cOOCTBEHHAs 4aCTOTa OCTaeTcs npexHel. s nepexona
K aBTOKOJIe0aTeIbHBIM IIPOIieccaM CUCTeMa A0JDKHA IOy -
YUTh TOTEPSHHYIO SHEPTHIO OT BHEIITHETO UCTOUHHKa [ 14].

2 = Bsin Ay +ycos Ay, (46) OcoOb1ii MHTEpEC NPENCTABIAIOT N3MEHEHHUS JIOKAb-
o e HBIX KHHEMaTHYECKUX DKBHBAJICHTOB dHeprun. CTpyKTypa
Ay(a,t) = Gsin( n—)[cos( —_) - 1], uHBapuaHToB (19), (31) u (44) mpemycMaTpuBacT BO3MOXK-
L L HOCTb BBLICNECHHS JUISl KQXKJO0H YacTUIBI YIPYroro Tena
14+ 22 cos| X% \cos M 0
L L L
g oL -\t .
X, ,=| —cos| — |cos| —— |~ Y,z CcosAy -—sinAy |. 47
P L ( L ) ( I ) Yo W \J ( )
. (oL —Tht .
—q\, sin A cos 7 +Wy,y SsinAy  cosAy

VYpaBHeHus (46) u TeH30p (47) yUUTHIBAIOT TApaMETPHI p,
q 1 0, onpeersieMble BHEITHUMU BO3ICHCTBUSIMH IS KaXK-
JIOTO M3 paccMaTpuBaeMbIX Kojtebanuii. Bo Bcex ciryuasx
MIepHOJ] ¥ YaCTOTY OIpeAestoT ypaBHeHus (20), Kak u 11st
OJTHOMEPHBIX KosieOanuit. [IpupaBHuBast Hy:to JIt0OBIE U3 ITa-
paMeTpoB BHEIIHUX B3aUMOJCHCTBUI p, ¢ U 0, MOTydnM
ypaBHEHHUS U TeH30D (2) ¢ 6e3pa3sMepHBIMU 0000IIICHHBIMU
KOOpAMHATAMH JUIsl COOTBETCTBYIOIINX BUI0B KOJIeOaHUH.

B cBs131 ¢ rpOMO3KOCTBIO BRIpAKCHUH J/I1 KHHEMATH-
YECKUX aHaJIOrOB »HepreTuyeckoro coctosHus (3)—(5),
MPOBEPKY BBIIOTHEHNS 3aKOHA COXPAHEHUS SHEPT U U aHa-
JIU3 SHEPTETUYECKOTO COCTOSIHUS 110 00BEMY YIIPYTOro Tena
TPH CYNIEPIIO3HULIUH KOJIeOaHNH 11e1ecoo0pa3Ho IMPOBOIUTH
Ha OCHOBE YHCJICHHBIX PacyeToB.

7. ObcyxneHne pe3yabTaToB

IIpuBeneHHBIE BBIIIE COOTHOIICHUS OTOOPaXKAIOT 0CO-
OEHHOCTH SHEPreTHYECKUX COCTOSHHN KOIeOIIomuXCs
YIPYTHUX Tell, a TAKXKe BO3MOXKHBIE MEXaHH3MBI IIpeodpa-
30BaHUs SHEPTUH YACTHII, B TOM YHCJIE C yUE€TOM UX UCXOA-
HOT'O COCTOSTHHSI.

Kax nmpu kone6aHusIX MaTepHUanbHbIX TOUEK WU abco-
JIOTHO TBepAbIX Ten [13, 14], nHTerpaipHbie 10 00beMy
Ey;, 1 Ej¢ M3MEHAIOTCS C yIBOGHHOM 4aCTOTOM IO CPaB-
HEHUIO ¢ KOoIeOaHUAMH Tella B COOTBETCTBUM C ypaBHe-

JOTIONTHUTENBHBIX BUIIOB HEPTHH €, U €, KOTOPHIE BIIHs-
10T Ha WHTETpajbHbIE 3HAYEHUs BHEPIHU Ejp, a TaKkke
e, U ey, KOTOpBIE HE BIUSIOT Ha E 4.

B kimaccndeckoit MexaHuke J1eopMHUpyeMOro TBEp0ro
TeJa IPUHSATO Pa3IMyaTh COCTABIISIIOIIIE YHEPTUH e hop-
MalliH, CBSI3aHHbBIE C I3MEHEHNEM 00beMa 1 (POPMBI YaCTHIT
[3, 5]. Mcxoms n3 cTpyKTypbl POpMyJIBI TS 001IEl yrpyTroit
sHepruu Aedopmanu (4), 5TH TEPMUHBI CIIEAYET CBSI3bIBATh
¢ cocrapsromuMu e, U e,. Ho mpu orcyrerBuu daxru-
YEeCKOTO U3MEHEHHsI 00beMa ISl TTOTIEPEYHBIX i KPYTHIIb-
HBIX KOlIeOaHUM COCTABIIAIONINE SHEPTUM €, He paBHbI 0 U
COM3MepHMBI ¢ ¢,. [109TOMy yrmOMsSHYThIE TEPMUHBI B [JaH-
HOH paboTe He UCTIOIH30BAHEI.

VYpasuenust apmxenus (1) HecyT nHpoOpMaImio 000 Bcex
BHEIIHUX BO3JIEUCTBUSIX M COCTOSTHUH JIBHYKYILIHXCS YACTHI]
(cxopoCTB, IepeMEIICHNS, K3BMEHEHUE 00BeMa, UTUHBI Tpa-
Hel 1 TIp.) B IIpoliecce ABMKEHUsI, B TOM YHCIIe 00 SJHEPTUU
BO BCEX ee MposiBIIeHHsIX. Kakasi-To 4acTh SHEprum ydact-
BYET BO B3aUMO/ICHICTBUM YaCTHII, IpyTrasi ©I3MEHSET BHYT-
PEHHEE COCTOSTHHE CaMOii YaCTHUIIBL, JHEPTUIO €€ HCXOAHOTO
COCTOSIHHS U, HAIPUMEP, MOXKET IIPHUBECTH K YIIPOUHEHHUIO
Mmarepuara.

JpyruMu cioBamu, 4acTh SHEPTUU YaCTHIl MIET Ha
B3aUMOJICHCTBHE C OKPY)KAIOMIUMH YaCTHI[AMHU, N3MEHSIS
YIPYTYIO ¥ KHHETHYECKYI0 SHEPTUI0 MEXaHHUECKOW CHC-
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TeMbl. Jlpyrast 4acTh MOXKET JOITyCKaTh N3MEHEHNE BHYTPH
CaMOH YacCTUIIbl, HAIIPUMeEP NIEPEXOJ] SJHEPIUHU U3 €, B IHEp-
ruto e, 0e3 U3MEHEHHUs MHTETPaNbHOM 10 00beMy Ey . K
HHMM, B 4aCTHOCTH, OTHOCSATCSI BTOphIE ClaraeMele e, U
e, IUIs TIOTIEPEUHBIX ¥ KPYTHIIBHBIX KoTeOaHui.

Bo Bcex Tpex Buax koseGaHUH Ipenonaaragock, 4To
BHEIIHEEe BO3/ICHCTBHE IIepeaeTCs Yepes HEeHTPaIbHOE 0
JUIMHE CEYEHUE M BO BCEX TPEX CIIy4asX YacTHUIIBI B ATHX
CEUCHHUSX HE MEHSIOT ()OPMY U 00BEM, U3MEHSETCS TOJIBKO
WX KHHETHYECKasi SHEPTHS. DTO OOBSICHSIETCS aCHMMETpUEH
J1e(GOpMUPOBAHHOTO COCTOSHUSA OTHO CUTEIILHO LIEHTPaIIb-
HOT'O CeYeHHMs C U3MEHEHHEeM 3HaKa ieopManuii pacTsoxe-
HUSI-COKaTUs TIPU TTPOJIOIBHBIX KOJIEOAHHSX M CABUTOBBIX
JiepopManiuii py MorepevHbIX U KPy THIIBHBIX KOJICOaHUSIX.
HanGonpuine 3HadeHus (e,; > e,,) HAOMIOOAIOTCS B OTOP-
HBIX CEUCHHUSIX Ha KOHTAKTE C HeJleOpMUPYEMBIMH TUIUTa-
MM, TZIe KHHETHYECKasi SHEPTHsI OTCYTCTBYET.

W3meneHne 00beMa 4acTHIl B COOTBETCTBUH C ypaBHe-
HHUEM (6) OTMEUEHO TOJIBKO IPH MPOJIOIBHBIX KoJIeOaHUsIX,
B JIPYyTUX ciy4asx o0beM ocTaeTcsi HeM3MeHHBIM. [Ipu
MPOJIONBHBIX KONEOAHUAX YaCTOTa U3MEHEHUS €., COBIa-
JTACT C YaCTOTOM COOCTBEHHBIX KOJICOAHUI CTEPHKHS, a 4ac-
TOTa €, & U €, B2 pa3abombiie. Takyto 4acToTy coxpa-
HAIOT HHTETPpabHbIE IO 00beMy Pe3ynbTaThl Ey e U Eyy .

Kak crnienyer u3 ypasuenwuii (15) u (19), 6e3pazmepHsiii
KHHEMaTHYEeCKHI TapaMeTp e., OMpeeNnsieT YIBOCHHOE
OTHOCHUTEIBHOE U3MEHEHUE 00beMa YaCTHIIbL:

e, = 2Ecos[ﬂ:g)cos(im) =2 & 1

L L L NI

_5 dV -8V, _y ASV
7, 7,

ITocne yMHOMXEHUS Ha MOTYNb YIIPYTOCTH, B COOTBET-
CTBUH C 3aKOHOM YIIPYToro n3MeHeHus oobema [2, 3], momk-
HBI IOJTyYUTh cpegHee HanpsbkeHue. Ho st cydas mpo-
JIOJIBHBIX KojeOaHuii ypaBHeHue (14) ompenensier 4acTb
00BbEMHO#1 TUIOTHOCTH 3HEPTuu AedopMaIuy, CBsI3aHHON
¢ n3MeHeHneM oobema. [lapagokc MoxkeT OBITh yCTpaHeH,
€CJIM paccMaTpyBaTh CpeJHEE HANPSDKEHNE Kak 00beMHYIO
IUIOTHOCTH YHEPTUH, KaK 3TO MPEIYCMOTPEHO B SHEPreTH-
yeckol Mozenu MexaHukH [7, 8]. [IpudeM BbIOOp HIKaiIbI
CpeIHEro HalpsKeHUs Oy CKaeT 1Ba BapuanTa [ 15]: cuu-
TaTh B UCXOJHOM COCTOSHUU O = 0 mnu 2K. iMeHHO BTO-
poe IIpeIoJIOKEHHE SIBISETCSl OCHOBaHUEM Juts i depen-
IUaNbHBIX ypaBHeHuH (7) u (8). YBenmuuenne o0Obema yac-
TUI] IPUBOAUT K YBEIMYEHUIO TEKYILIETo 3HaueHUs O, C)ka-
THE YMEHBIIAET O.

BaxHO OTMETHUTB, YTO CBA3aHHAA C €, DHEPIUS HE
BIIMSET Ha MHTETPaNIbHOE 110 00beMy 3HaueHue Ey .. MHaue
TOBOpSI, HA U3MEHEHHEe 00beMa YaCTHIl IPH MPOIOIBHBIX
kosebaHuAX He TpeOyeTcsa paboTa BHEIIHUX CHUII, pean3a-
LUl MeXaHu3Ma KoJeOaHUi TPOUCXOIUT B TOM YHUCIE 32
cdeT BHyTpeHHeH sHeprun dactull. [Ipeacrasnenue sHep-
ruu nedopmanmu (4) B BUJIE AByX MHBAPUAHTHBIX cllarae-

MBIX €, U e, JIOIYCKaeT BO3MOXKHOCTh IIE€PeXoja 4acTH
SHEPTHHU U3 €, B e, U, Ha000pOT, 63 M3MEHEHHS DHEPTHU
nedopmariun OE,. ;. Mcrnons3oBanye BHYTPEHHUX HCTOY-
HHKOB SHEPTUH JUI U3MEHEeHHs 00beMa UK (hOpMbI HAaCTHI]
MEXaHHYECKOH CHCTEeMBbI 0€3 TOIOIHUTEIbHON PHEpruu
BHEIIHUX CHJI ABIISETCA OCHOBOM pe3oHaHca.

JU71s1 HoTepeyHBbIX U KPy THIIBHBIX KOJTeOaHUH BeTMYUHEI
e, U e, PABHBI MEXIY COOOH, TO3TOMY OHHU HE BITHSIOT
KaK Ha JIOKanbHbIe OF,. (26) 1 (44), Tak U HA HHTETPAIIb-
HblE 3HAaYeHUA Ey . (28), KOTOpBIE, B CBOIO OUEPEND, 3aBU-
CST TOTBKO OT €, U €&, aMIIIUTYIBI KoJIeOaHus 1 pa3Me-
POB CTEPXKHSL. 3a CICT MAJIOCTH OTHOMLICHHS ¢/ L wnu 0/L
BTOpBIE ClIaraéMble B IOAKOPEHHBIX BBIPAKCHUSX CYILIECT-
BEHHO MeHbIIe 1, 6e3pasMepHbIe 3HAUECHHS e, U e, He
3aBHCAT OT AMIUTUTY/IbI KOJIeOaHUI 1 OJIOKEHUS YaCTUIIBI
B TeJIe CTEPKHsI, IpuoImkasich k 0. DTo omIMYaeT noneped-
HBbIE U KPYTWIbHbIE KoJleOaHuUsl OT IPOJIOJIBHBIX, KOTa He
BIIMAIONIAs HA MHTETPaIbHOE 3HAUEHHe dHeprun E e co-
CTaBJIAIONIAs €., HA HECKOJIBKO MOPSIIKOB MPEBHIMIACT €
1 Chef -

Jl71s1 IOsICHeHUs! CMBICTIa COCTABILAIONINX YHEPTUH €,
U e, NpH MONEPEUHBIX U KPYTUIIBHBIX KOJIEOaHUIX BOC-
HONIb3YEMCsI aHAJIOTHEH ¢ koneOaHueM MasTHUKA B BUJE
a0COIIOTHO TBEPAOTO LIapUKa (BMECTO MaTepUaIbHOU TOY-
KU, KOTOpas He MMeeT BO3MOXKHOCTH BpallaTeIbHOTO JIBU-
JKEHHS1) Ha HePacTSDKUMON HUTH, TIOBEICHUE KOTOPOTO OII-
pezeIser 3aK0oH COXPaHEeHUS SHEPIUH ¢ U3MEHEHUEM KHIHE-
THUYECKOI U MOTeHIMaIbHOU sHepruu. He Hapymias 3Toro
3aKOHa, IIApHK MOXKET BPaIaThCs OTHOCUTEIBLHO OCH, COB-
NaJIaloIeH ¢ HanpaBJICHHEM HUTH, ¥ 3TO BpallleHne Oyner
XapaKTepH30BaTh COOTBETCTBYIONIAs SHEPIHsl, KOTOpas He
BXOJUT B dHepreTudeckuil Oananc koneOaHus MasTHUKA,
T.K. XapaKTepu3yeT [BIDKECHHE, HE BIUAIONIEEe Ha KHUHe-
THUYECKYIO U MOTCHIIHAIBHYIO SHEPTUIO IIAPUKA B OCHOB-
HOM €ro KoneOaHuH.

WHBpIMU CTIOBaMU, COCTaBIISIONINE SHEPTHH €, U €,
MOT'yT IIPUBOAUTH K M3MEHECHUIO F€OMETPUUCCKUX Iapa-
METpPOB 4acTHULl 0€3 U3MEHEHUs] UX SHEePreTHYECKOIo COo-
cTostHuA (e, + €, = 0) 0 aHAJIOTHH CO CBOOOIHBIMHU KOJIE-
OaHMAMM YIpPYTUX TN, KOIJa, KaK MOKa3aHO BBIIIE, Me-
HseTCA TeOMeTpHUecKas CTPyKTypa Tella 6e3 U3MEHEHHs
UHTETPaIbHOTO 10 00beMy 3HAYEHUS SHEPTUH.

MoxHO Ipeanonarars, 4YTo BHIIOIHEHHUE 3aKOHA CO-
XpaHEHHUs SHEPI'UH 00ECTIeUNBAIOT COCTABNIAIONINE €, U
€, a KOMIIOHEHTHI €, U €, OTBEYaloT 3a BBIIIOJTHEHHUE
quddepeHnnaNbHbIX ypaBHEHUH ABIDKeHA TUna (7) win
(8), T.X. IpOM3BOIHBIE OT BXOAAIUX TyAa (yHKIUI ompese-
JISTIOT BUJL M 3HAUSHUSI STUX [1apaMeTPOB.

8. 3akarouenune

PaccMmoTpena sHepreTHYecKH N30IMPOBaHHAS CHCTEMA
B BUJIE YIIPYTOTO CTEPIKHS, 3aKPEINICHHOTO MEX/TY ABYMS
abCOJIIOTHO TBEpABIMH omopamu. Ha ocHoBe sHepreTH-
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YecKol MOZEIM MEXaHWKHU MOIy4YeHbl paclpe/ieiieHUe 110
00BbEMy 1 I3MEHEHHE BO BPEMEHH COCTaBIISIONINX YIPYTOH
Y KUHETHYECKON SHEPTUH JUIsi OCHOBHBIX (hOpM Mpo0II6-
HBIX, TIOTIEPEUHBIX U KPYTHJIBHBIX KOJICOaHHUil, a Tarxke
YpaBHEHHS IBH)KEHUS 1 KOMITIOHEHTHI TEH30pa I pacyera
9THX XapaKTEPUCTHK IPU UX CYIEPIIO3HLIUH.

Ha ocHoBe aHanm3a cTpyKTypbl KHHEMaTHIECKHX HHBA-
PHaHTOB, aCCOIIMUPYEMBIX C DHEpPruei, NOIyYeHbl ypaB-
HEHUsI JUIs pacyeTa BOCbMH BHJIOB JIOKATbHOM SHEPTUH JUIS
YUYaCTBYIOIINX B KOJIEOAHHSX YaCTHI] YIIPYTOro Tela.

[TokazaHo, 4To, 11O aHAJOTUH CO CBOOOAHBIMH KoJIeOa-
HUSIMH B YIIPYTHX TeJIaX, KOT/1a MK3MEHEHHE ITeOMETPUIECKOI
CTPYKTYPBI IPOMCXOUT O€3 TPUTOKA SHEPTHH Yepe3 BHEIII-
HHE TPAHHIIBI CHCTEMBI, BO3MOXKHBI H3MCHEHHUS] B MUKPO-
o0beMax, MposiBIIsIEMbIC B ypaBHEHUsX ABMKeHus Trma (1)
Y TIPOUCXOSIINE 33 CUYET BHYTPEHHHX HCTOYHHUKOB Oe3
oOMeHa SHepTuei ¢ COCeTHUMHU YacTHIAMU. DHEPTrHsl yac-
THII TIPH TIOTIEPEYHBIX M KPY THIIBHBIX KOJIEOaHUSIX, ACCOLIMH-
pyemasi ¢ KHHEMaTHYECKUMHU TapaMeTpaMu €., MOXKET
M3MEHSTHCS, HO TOJBKO 32 CYET DHEPIHH, PHHA/IeKAIIEH
9THM K€ YaCTHI[aM U aCCOLIMUPYEMON C KHHEMaTHYEeCKUMHU
napaMeTpamu ey, UX cymMa paBHa 0, OHU He BIHSIOT Ha
HHTETpallbHYI0 M0 00beMy 3HEPrHio AedopMarmu £y

BrIckazaHo IpeAnonokeHne, 4To BIHUSIONIas Ha HHTe-
rpaipHble M0 00bEMY YacTb JHEPIHH 00ECIIEYHBACT BbI-
TIOJIHEHUE 3aKOHA COXPaHEHHSI JUIsl CUCTEMBI B 1I€JI0M, a He
Biustomas Ha Ey — BBIIOIHEHUE JOKAJIBHOTO 3aKOHA
COXpaHEeHHs B 00bEME YacTHIIBbI C y4eToM AudepeHnnaib-
HBIX ypaBHeHwU arkenus (7) wiu (8).

YacTuipl B cedeHusIX O = L/2, 4yepes KOTOpbIE MPOHC-
XOZIAT BHEIIHUE BO3ICUCTBUSA Vsl BO3OYKICHHS KOJICOAHHUH,
He MEHSIOT GpopMy H 00beM, JHeprus Ha JedopManuio
yactull He pacxonyercs. CootHonrenus (16), (29) u (43)
BBISIBIISIIOT CBSI3b MOJYJISL YIIPYTOCTH ¢ PabOTO# BHEIIHUX
CHJI, 3aTpadeHHOM Ha JiIe)OpMalMIo CTEPXKHS Mepes Havya-
JIOM CBOOOIHBIX KojeOaHuid. OHM MOTYT OBITH HMCIOJNb-
30BaHBI JJIs ONIPEICJICHHs] yITPYTrol KOHCTAHTBI Marepuana
MO AKCIIEPUMEHTAIBHBIM UCCIEJOBAaHHUSIM C OCHOBHBIMHU
¢dopmamu cBOOOTHBIX Konebanuit [13, 15].

Ceedenus 06 agmope

ITonmyueHHbIe pe3ynbTaThl, B TOM YUCIIE IO NEPUOAY U
yacToTaM KojeOaHWMH, BBINOJHEHUIO 3aKOHA COXPaHEHUS
JUISl THTETPAITBHBIX TI0 00beMy 3HAYSHUH KHHETHYEeCKOU 1
YIOpYTOi PHEPTUH, B TOTOJIHEHHE K HU3BECTHBIM PEIICHHSIM
JUIsl aOCOJIIOTHO TBEPABIX U aedopMmupyembix e [8, 9],
MOXHO pacCcMaTpUBaTh KaK JOMOIHUTEIbHBIE ApTyMEHTHI
MPaBOMEPHOCTH ITPUMEHEHUS SHEPTeTUUECKOM MOJIeIH [UIs
peIIeHus pa3IuYHbIX 33724 MEXaHUKH.
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